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BESOV-MORREY SPACES: FUNCTION SPACE THEORY
AND APPLICATIONS TO NON-LINEAR PDE

ANNA L. MAZZUCATO

ABSTRACT. This paper is devoted to the analysis of function spaces modeled on
Besov spaces and their applications to non-linear partial differential equations,
with emphasis on the incompressible, isotropic Navier-Stokes system and semi-
linear heat equations. Specifically, we consider the class, introduced by Hideo
Kozono and Masao Yamazaki, of Besov spaces based on Morrey spaces, which
we call Besov-Morrey or BM spaces. We obtain equivalent representations
in terms of the Weierstrass semigroup and wavelets, and various embeddings
in classical spaces. We then establish pseudo-differential and para-differential
estimates. Our results cover non-regular and exotic symbols. Although the
heat semigroup is not strongly continuous on Morrey spaces, we show that
its action defines an equivalent norm. In particular, homogeneous BM spaces
belong to a larger class constructed by Grzegorz Karch to analyze scaling in
parabolic equations. We compare Karch’s results with those of Kozono and Ya-
mazaki and generalize them by obtaining short-time existence and uniqueness
of solutions for arbitrary data with subcritical regularity. We exploit pseudo-
differential calculus to extend the analysis to compact, smooth, boundaryless,
Riemannian manifolds. BM spaces are defined by means of partitions of unity
and coordinate patches, and intrinsically in terms of functions of the Laplace
operator.

1. INTRODUCTION

The focus of this work is the analysis of a class of function spaces, recently
introduced by H. Kozono and M. Yamazaki to obtain critical regularity for the
Navier-Stokes equation, and to study its applications to partial differential equa-
tions. They are modeled on Besov spaces, but the underlying norm is of Morrey
type rather than LP (Definition 2.2). Throughout we will call them Besov-Morrey
or BM spaces for short[]

As we will show in the paper, BM spaces share many of the properties of Besov
spaces, but they represent local oscillations and singularities of functions more
precisely. It follows their interest in the theory of partial differential equations,
especially non-linear.
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We start by recalling some notions of fluid dynamics, from which the definition
of BM spaces arises quite naturally.

The Navier-Stokes system (NS) on R™ in the incompressible, homogeneous,
isotropic case is the following set of equations:

(1.1a) Opu(t, x) — vAu(t, z) + u(t, z) - Vu(t,z) + Vp(t, z) = f(t,x),
(1.1b) divu(t,z) =0,

where the vector field u(t,x) represents the velocity of the fluid at the position x
and time ¢, v is the (constant) viscosity coefficient, the scalar field p(z,t) is the
pressure, f(z,t) are external body forces. v and f are given, while u and p are
unknowns.

The system must be complemented with an initial condition u(0,z) = a(z) and
some prescribed behavior at infinity to obtain a possibly unique solution.

In many applications, the forcing f admits a potential, which can be included
in the pressure term. The pressure appears in the equations only to enforce the
incompressibility condition (LID). So, it is customary to apply a projection onto
the divergence-free vector fields, the so-called Leray projection P, on both sides of
(CTa), and study the (formally) simpler equation

(1.2) Owu(t,z) — vAu(t,z) + Pdiv(u @ u)(t,z) = 0.

The pressure p is then determined by solving a Poisson equation.

Our concern here is with the behavior at fixed viscosity; so v is conventionally
set equal to one.

It is a classical result (cf. [Tayl], [Tem]) that short-time, strong, unique solutions
to (L2) exist for sufficiently smooth initial data, e.g., for a in the Sobolev space H*,
k > n/2+ 1. On the other hand, in the 1930s, J. Leray [Lr] proved the existence
of global weak solutions of finite energy (i.e., u € L?), called Leray-Hopf solutions.
Uniqueness and full regularity of these solutions is still an open problem. But, if
a strong solution exists, then the weak solution coincides with it. Therefore, it is
relevant to prove existence and uniqueness under fairly weak assumptions on the
initial data.

Mild solutions can be obtained by rewriting (I.2) as the integral equation

(1.3) u(t,z) = e'® a(z) — /t e=IA Pdiv(u @ u)(s, x)ds,
0

and then proving that, in suitable function spaces, the right-hand side defines a
contraction. Here a does not necessarily have finite energy—its vorticity can be
a measure; for instance, see [GM], [Ka2], [Tay2]. This last situation is important
for the vortex ring and vortex sheet problem, where the vorticity w = curlu is
respectively a bounded measure supported on a closed curve or surface in R3.

One of the most comprehensive studies in this context is that of M. Cannone,
who in his Ph.D. thesis [Can| (1995) defined the notion of spaces adapted to NS.
These are functional Banach spaces F with the additional property

(1.4) 5 (D)(f )2 <njllfllellglle, VjeL.

(D) is the Fourier multiplier with symbol ¢; (), where {¢o(£), ¥, ()} is a Little-
wood-Paley partition of unity subordinate to a dyadic decomposition of R™. The
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numbers 7; are such that

(1.5) D 27l < 0.

J

The above conditions ensure that the right-hand-side of (I.3) defines a Lipschitz
map locally-in-time and, hence, that a short-time, unique solution to NS exists.
Examples of adapted spaces include:

(1) XP(R") =P(LP(R™)) for p € (n,o0),
(2) P(MG(R™)) for p € (n,00),

where M? is the homogeneous Morrey space (Definition 2.3). Furthermore, every
functional Banach space that is also an algebra is adapted, since (IH) holds with
n; constant.

In general, (I4) and (CH) are not enough to give long-time solutions. However,
NS is invariant under an appropriate rescaling of the variables. So, when the norm
of the space F also has some scaling behavior, it is quite reasonable to look for
global existence by means of time dilations, for example, in the form of self-similar
solutions.

In this spirit, G. Karch [K1] extended Cannone’s work by constructing for each
E some auxiliary spaces of distributions:

(1.6) BE* ={feS'||fllpp~ = sug{ta” e fllg} < oo}, a>0.
t>

He was able to prove long-time existence for sufficiently small initial data, if E has
scaling degree —n/q and @ = 1 —n/q (so ¢ > n). The solution thus obtained is
unique only in a suitable subspace of BE“. The advantage of using the space BE®
over F is that the norm of the initial data can be small in BE® without being so in
E. As amatter of fact, if E'= L, then BE® is the homogeneous Besov space B, &,
where certain highly oscillatory functions exhibit such behavior [Can]. However, in
general, these solutions may not have finite energy.

In 1993, H. Kozono and M. Yamazaki [KY] introduced two new classes of spaces,
NEW and N, .., which, as mentioned above, will be called homogeneous and in-
homogeneous Besov-Morrey spaces.

N? . is the space of all tempered distributions such that

Py,
1/r
A7) Wl = leoD)Fllag + 4 D2 (27 15(D)lhag)" ¢ < o0,
>0
while sz, q.r 18 the space of all tempered distributions modulo polynomials such that
1/r
£z, = § D (27 195(D)fllaag)
(1.8) pr=rt

= {29 [195(D) fll pag 32—

£T<OO7

where

(1.9)  ME={feLl |fllpmr= sup sup R™P"9| f|lLa(p(zo,ry < O},
zo€ER™ O<R
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and

(1.10) MZ={fe Ll ||fluy = sup sup BP9 f||La(ay.r)) < o0},
zo€R? 0<R<1
B(z, R) being the closed ball of R” with center zy and radius R.

The indices satisfy 1 < ¢ < p < 00, s € R, r € [1,00]. Informally, s is a
smoothness index, p is a scaling index, while r can be thought of as an interpolation
index. ¢ plays a less important role, but gives “flexibility” and additional properties
to BM spaces with respect to Besov spaces. In [KY] Kozono and Yamazaki analyzed
NS and a particular class of semi-linear heat equations with initial data in certain
BM spaces. They used a fixed-point argument in the spirit of Kato and Weissler’s
approach for the analysis in LP spaces.

There is considerable interest in studying hydrodynamics on Morrey spaces. As
we hinted before, the theory can model the case in which vorticity is a measure
supported on singular sets in R". Moreover, M¥ seems to encompass several ex-
amples of adapted spaces. Indeed, in three dimensions, under some mild assump-
tions any adapted space is embedded in M3 [LMR]. At the same time, while BM
spaces are strictly larger than Morrey spaces—e.g., p.v.(1/x) € NRLOO(R), but

p.v.(1/z) # M'(R)—they are better behaved under many respects, specifically un-
der the action of pseudo-differential operators, as we discuss extensively in Section
Bl

In the present work, we strive to combine these different approaches in a unified
construction. In particular, we aim at developing the theory of BM spaces, parallel
to that of Besov spaces. On one hand, in fact, Morrey spaces are sufficiently close
to LP spaces so that essentially the same tools can be used, although there are
subtle differences (such as duality and interpolation properties [BRV]). On the
other hand, we indicated already that Morrey spaces represent the local behavior
of a function more precisely (cf. Section 2:2]and the connection with BMO). This
quality may play a significant role especially in view of applications to equations
other than semi-linear parabolic, where smoothing effects are crucial.

Indeed, Besov spaces have successfully replaced Sobolev spaces in treating the
Euler equation [Vil], [Vi2], and in studying critical well-posedness for wave maps
[Taf], essentially, because at the critical index, Sobolev spaces do not behave well
with respect to point-wise multiplication, while Besov spaces still do for appropri-
ate choices of indices. BM spaces retain this property (cf. Corollary B22). In
addition, they can be naturally embedded in spaces of higher dimension [KY]. The
corresponding result fails for Besov spaces.

Conversely, our analysis is somewhat complicated by the fact that the heat semi-
group is not strongly continuous on N;’q,r or Nj , ., fundamentally because smooth
functions are not dense. Therefore, it will often be necessary to replace strong
convergence with convergence in the weak or weakx topology.

We now give a brief outline of the paper.

In Section [2, we introduce the BM and BE® spaces, and we compare them.
Section 2] treats N . and Nj ., starting with an overview of the theory of
Morrey spaces. As expected, most of the features exhibited by BM spaces are
analogous to those of Besov spaces. For example, they can be described as real
interpolation of powers of the Laplacian acting on M? and M2. In this context, we
complement the results in [KY] with some non-interpolation results (Proposition

27).
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In view of applications to differential equations, it is important to measure regu-
larity of distributions in N, . and N; ... In [KY], Kozono and Yamazaki establish
a Sobolev-type embedding for BM spaces:

Ns S Cv;f—n/il’7
(1.11) p,q, .
Ns FEN Cv;f—n/il’7

P,
for s > n/p, where C? and C# are respectively inhomogeneous and homogeneous
Holder-Zygmund spacesE For s = n/p, we have

NP OO,

p,q,00

(1.12) NP C BMO, 1 € [1,2],
/p o)
NJB C L,

BMO being the space of functions of bounded mean oscillation [IN]. The relation
with BMO is also addressed in Section [Z2] where we develop a wavelet decompo-
sition for BM spaces in Proposition [Z13 and Proposition 2I4. Following [E.J1], we
use a set of smooth wavelets that are not compactly supported, but are “concen-
trated” on dyadic cubes. In particular, at the critical scaling for NS, Besov-Morrey
spaces are not comparable with the space BMO ™! of Koch and Tataru KoT].

Although wavelets have not led to substantial progress in studying Navier-Stokes,
they have proved useful for other (non-parabolic) equations. We are guided here,
in particular, by work of M. Vishik [Vi2] on the Euler equation.

Section 23] deals with Karch’s construction. In Proposition [2.22] we show that
BE® can be identified with a homogeneous Besov-type space of negative index,
based on E, if again the norm of E has some scaling degree. The intuitive reason
behind this result is that the symbol of the heat operator e~t1€1* behaves like a
bump function centered at the origin. By comparison, the norm of u in a Besov
space is defined in terms of smooth multipliers v;(D) = (277D), where each
function ;(§) is supported on dyadic shells in frequency space. As a matter of
fact, for classical Besov spaces it is a well-known result in interpolation theory that
an equivalent norm can be obtained in terms of convolutions with the heat kernel
[Triebl]. However, our proof is based solely on rescaling arguments and it does
not assume that the heat semigroup is strongly continuous on F. As a by-product,

we obtain an equivalent characterization of Ny, . and N in terms of thermic
functions:
~ —8/2 || ptA
1715 = S22 f g}

(1.13)

P,q,00

1 fllws, o~ sup {t7/2[[e" fllap } -
0<t<1

Consequently, we are able to identify sz,q,oo with BE™?, for s <0 and £ = M?.
This result positively answers a question of G. Karch [Ki].

Section [3] is devoted to the analysis of pseudo-differential operators. Section
contains a brief introduction to pseudo-differential calculus and results on Fourier
multipliers. In [KY], mapping properties for multipliers of the Mikhlin-Hérmander

type were obtained by localizing the symbol to a single dyadic shell.

2Recall that C?¢ = C*, the usual Holder space, when s > 0 is not an integer [Trieb3].
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Note that, as far as Navier-Stokes on flat Euclidean space is concerned, Fourier
multipliers are sufficient. The situation is quite different on manifolds. In Section
B2, we are then led to consider more general symbols, belonging to the class S{’f(;.
Borrowing techniques employed for Sobolev and Holder spaces [Ma], [Ru2], [Bour],
we establish rather general results; namely, operators with symbols in the class S% 5
are bounded on N . for all § € [0,1], if s > 0. This includes the exotic class
S(fJ, which is relevant in the study of para-differential operators and non-linear
equations. For § < 1, good multiplicative properties of the symbols allow us to
lift the restriction s > 0. In the case ¢ > 1, the same conclusion can be reached
directly, using the representation of N . as a real interpolation space of powers of
(I — A)MY (Proposition B.T4)). Moreover, one is not restricted to smooth symbols,
but can work with the class of non-regular symbols C’fS?’ 5, @s long as £ > s > 0,
which is the content of Theorem[3.17 Here, too, a stronger result holds if § < 1 by
means of symbol smoothing (Corollary [3:20).

In order to treat operators on the homogeneous space sz,q,v"’ a different class
of symbols must be chosen to take into account possible singularities at the origin.
But we do not consider this problem here.

In Section 33, we address para-differential calculus. Para-differential operators
were introduced by J.-M. Bony [Bo] to study optimal regularity of solutions to
non-linear partial differential equations. Here, we use a clever expansion (due to
Y. Meyer [Me]) of a non-linear map F'(u), similar to a Taylor polynomial. One is
left with a smooth remainder R(u) and a linear part Mg (u, D)u, where, however,
Mg is not a differential operator. In fact, if u € L>°, MFp is a pseudo-differential
operator of type (1,1). Since the non-linear term in the Navier-Stokes equation
is quadratic, we specialize to F(u1,u2) = uj uz and prove Moser-type estimates
(equation ([B54)). These combined with the Sobolev embedding (LII) imply that
N, ., is a Banach algebra for s > n/p (Corollary [3.22).

Finally, we compare Meyer’s construction to the paraproduct of J.-M. Bony (see
again [Bo]), which is obtained by applying symbol smoothing directly to F'. Various
estimates are established here (Corollary 3:23)) that again are very similar to those
for Sobolev and Holder spaces.

In Section @l we address the problem of defining the BM spaces on manifolds.
We only deal with the local space N, , .., ¢ > 1, as pseudo-differential estimates on
BM and Morrey spaces [Lay3] are used. The key step is, of course, to replace the
multipliers ¢;(D) with appropriate analogs on a curved non-Euclidean geometry.
Indeed, operators on manifolds correspond, in general, to equivalence classes of
symbols. We look at the simplest case, namely compact, Riemannian manifolds
M without boundary, but we plan to consider manifolds with (smooth) boundary
in subsequent work, exploiting the analysis developed here. To construct the BM
spaces on M, we proceeded along two directions.

In Section @] we use a partition of unity and coordinate charts (Definition [ZH]),
as we show that diffeomorphisms of R™ preserve the topology of N, .(R"). The
main ingredient in the proof consists of applying Egorov’s Theorem to obtain a
complete asymptotic expansion of the symbol of x*~! 0 ¢;(D) o x*, for x a diffeo-
morphism of R” linear outside some compact set, and in studying the behavior of
each term in this expansion when j — oo.
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In Section 2] the topology of N . ..(M) is defined in terms of covariant objects;

namely, a family of functions of v/—A of the form t;(v/—A), where A is the Laplace
operator on M.

Again, we first reduce the problem to local coordinates. Then, in Theorem F.7]
we carefully compare the symbols of ¢;(D) and ;(A), where A is the operator
obtained by transporting the Laplacian on M to R™ via a coordinate chart. An
asymptotic formula for the symbol of 1;(A) can be obtained in terms of the solution
operator to the wave equation cos(ty/—A), by using geometrical optics methods.
We follow Schrader and Taylor [ST], although our approach is rather similar to that
of Seeger and Sogge for Besov spaces [SeSo]. However, it is necessary here to bound
explicitly the remainder term at each step in the symbol expansion, uniformly in 7,
since no reduction to smooth functions is possible. Finally, Ny ..(M) can still be

P
characterized as a real interpolation space of powers of (I — A) acting on MP(M)

(Proposition [£:12)).

Section [Blis finally devoted to the study of solutions to certain semi-linear par-
abolic equations, with an emphasis on Navier-Stokes. FExistence and regularity
results for this class of equations were obtained in [KY], when the initial data be-
long to certain BM spaces of negative index s. Similar results can be found in [Kr]
concerning the spaces BE®. Our aim here is to give a unifying approach using
the theory developed in the previous sections and extend the analysis to compact
manifolds.

Section Bl deals with background material and briefly introduces techniques
which are used later. As discussed above, we look for mild solutions by applying
the contraction mapping theorem or by direct inspection of the Picard iteration.
In Section [.2] we consider scalar perturbations of the heat equation, while section
treats the Navier-Stokes system.

A typical feature of this approach is the existence of a critical index for the
space of initial data—it is s = n/p — 1, 1 < p < oo, for NS—which corresponds
to so-called limit spaces, characterized by invariance of the norm under the natural
scaling of the equation. In the subcritical case, i.e., s > n/p—1, one expects (local)
existence for all initial data, while an extra condition needs to be imposed in the
critical case, but global existence then follows by means of time dilations.

Under the identification ([LI3), the results in [KY] are indeed covered by the
existence theorem in [Ki] for the spaces BE®, and the condition on the initial
data in [KY] is, in fact, redundant for subcritical indices. Additionally, we show
persistence of regularity for spaces with positive index s, where condition (C4)
holds. Specifically, N , .. is adapted to NS for

(1) s>n/2p,ifp>n,1<qg<2,7€[l o0,
(2) s>0,ifp>n,2<g<p<oo,rello).

In Section 5.5 we consider the same equations on compact manifolds. In partic-
ular, we prove that, provided the Littlewood-Paley operators ;(D) are substituted
by 1;(v/—A), virtually all previous results extend. Because of the finite size of the
domain, the behavior for ¢ ~ 0 is the relevant question in this case. The analy-
sis is slightly more complicated for NS than for scalar semi-linear equations, since
curvature adds an extra term to the equation.

Summarizing, short-time existence and uniqueness for Navier-Stokes holds in
N? if

p,q,007
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e n/p—1<s<0ors>n/2p, p>n, for arbitrary initial data,
e s =n/p—1 for data satisfying an extra condition.

The solution persists for all times for sufficiently small initial data in N, (/1{30—01.

We conclude by introducing some notation that will be used throughout the
paper.

First of all, 7 and F~! denote respectively the Fourier and inverse Fourier
transforms, and we set

(FNHE) = &), (Flg)(z) = g(x).

S is the Schwartz class of rapidly decreasing functions and and its dual &’ is the
space of tempered distributions. We indicate continuous injections with <.
Unless otherwise noted, we consider functions or distributions on R™, where
n > 2 is fixed, and we usually omit the reference to the underlying space, i.e., we
write LP, Mb for LP(R™), MP(R™), and so on.
With e, ¢ > 0, we mean the Weierstrass or heat semigroup and p; is the
corresponding Schwartz kernel. Recall that

lz -y
I

pe(x) = ( exp{ —

4t)n/? g

D stands for the differential operator (1/i)V, where i = /—1, so that F(D; f)(£)
=¢; f. If P is a pseudo-differential operator, o(P) will denote its symbol and o (P)
its principal symbol.

Finally, we denote any irrelevant constant with C, unless we want to emphasize
that C' depends on certain indices, say p or g, in which case we write Cp 4 or C(p, q).

2. Two CLASSES OF FUNCTION SPACES

It is a common experience that different time and length scales appear in the
motion of fluids and that certain phenomena seem to be independent of the choice of
such scales. Mathematically, scaling properties of non-linear differential equations
are an important tool in analyzing solutions, especially when the non-linearity is a
homogeneous function.

Invariance under some scaling law allows us, for example, to construct new so-
lutions from known ones. Also, self-similar solutions, if they exist, persist for all
times. For the Navier-Stokes system, global-in-time existence of smooth solutions
has not been proven to this day, except for special cases.

It is, therefore, natural to choose initial data in function spaces that are con-
structed by imposing some scaling behavior. This behavior can be tailored to the
type of non-linearity in the equation.

2.1. Besov-Morrey spaces. Due to the smoothing effect of the heat semigroup,
solutions to the Navier-Stokes equation exist when the initial data have minimal
regularity—for example, they can be distributions whose associated vorticity is
a singular measure (see [GM], [GMO]). This motivates in part the study of the
Navier-Stokes and other evolution equations in Morrey spaces and generalizations.
Examples of such spaces were constructed by H. Kozono and M. Yamazaki ([KY]).

We start by recalling the definition and some of the properties of the Morrey
spaces MP and MP.
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Definition 2.1. For p and q satisfying 1 < q < p < oo, define the homogeneous

Morrey space, M¥, and the inhomogeneous or local Morrey space, M, respectively
as

21)  ME={fe Ll |flmg = sup sup R™P™"9||f|lLo(p(ne,m)) < o0}
xo€ER™ O<R

and

(22) MP={feLl |lflmr= sup sup R™P™™f|lLap(m,r) <},
zo€ER™ O<R<L1

where B(zo, R) is the closed ball of R™ with center xo and radius R.

It is clear that M? C MP and that they agree on compactly supported elements.
Moreover, by Holder’s inequality,

(2.3) Mp c MP c MY .
Other embeddings that will be useful later are
MP ¢ MY if1<q<p <p< oo,
(24) MPcCMP and MECMEif1<g<r<p<oo,
ME c MP if 1 < g <min{r,p} <max{r,p} <p’ < o0o.

For example, let n = 1 and pick f(x) = 1/y/x. Then, f € MP for 1 <q <p <2,
but f ¢ MP for p > 2 or ¢ = p = 2. On the other hand, L> C MP for all values of
p and q.

Morrey spaces can be seen as a complement to LP spaces. As a matter of fact,
MP = LP and M C L9. They are part of a larger class, that of Morrey-Campanato
spaces Lg,x, which also include Lipschitz spaces and BMO. MP corresponds to the
choice of parameter A = n(1 — ¢q/p) (see [Pe]).

Morrey spaces describe local regularity more precisely than LP. For example,
Morrey’s Lemma gives

(2.5) MP c CMP(R™Y.

Note that it is stronger than the usual Sobolev embedding, since M? is strictly
larger than LP. (ZX) is a consequence of the characterization below in terms of
heat kernel estimates [Tay3].

If f € L], then

(2.6) feMl —px|f|<Cr ™/,
for 0 <r <1 and
(2.7) feM —px|f| < Cr /2,

for 0 < r, with a similar estimate for ¢ > 1. These are sharp results. Consequently,
the heat semigroup is not strongly continuous on Morrey spaces.

As anticipated in the Introduction, some of the interest for Morrey spaces in
fluid mechanics is related to spaces of measures. Most of the properties carry over
if we replace the integral of f in Definition [ZI] with the total variation of a Radon
measure p. The corresponding space is sometimes indicated by MP [Tay3] and M7
corresponds to the subspace of measures absolutely continuous with respect to the
Lebesgue measure.

Following [KY], we now define Besov spaces based on M} and M?%.
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We first recall the concept of Littlewood-Paley partition of unity, {1;}, j €
Z. The functions v, (&) are constructed as follows. Let ¢y be a smooth function
supported in the ball B(0,1), such that ¢y = 1 for 0 < [{| < 2/3. Set ¢;(&) =
©0(£/27), so that p; is supported on the ball B(0,27). Define 1; = ¢;j11 — ;. Note
that 1;(£) = 10(£/27). v; is supported on the dyadic shell Dj = {¢ € R™ | 2771 <
|¢] < 271} The collection of all shells Dj, as j runs over the integers, covers
R\ {0}, with D¢ N Dy, = 0 only if [k — ¢| > 1. Although the width of each shell
doubles in size as j increases, D; is still centered around the frequency [£| = 27, In
fact, the v;’s act as band filters in the language of digital processing, while the ¢;
are low pass filters.

If f eS8, then

(2.8) f=(po+ S0,

>0
with convergence in the sense of distributions (telescopic sum). On the other hand,
in general, (Ejez Y;)f # f, since Yju = 0 in &’ for every distribution w that is

supported at the origin.
Finally, let ¢;(D) be the Fourier multiplier with symbol ¢; defined ad]

(2.9) D(Dyu(e) = F~ gy - a)(x) = A ¥i(©)a(€) et de, ues.
Definition 2.2. For 1 < ¢ <p < oo, r € [1,00], and s € R, we say that f € S’

belongs to the space N,f,q,r if

1/r

= lleofllag +14 D (27 145(D) fllarg)” < o0,

>0

(2.10) £l

P,q,7

and, similarly, we say that the equivalence class of distributions modulo polynomials,
[ €8'/P, belongs to the space Nj . if

1/r

(2.11) 1l o, = j; (29 |93 (D) ]| mp)

= 12 145 (D)l wag } 32— oo

The spaces N . and N? __ are hence defined respectively as the homogeneous

o <00

Psa,T Psq,T
and inhomogeneous Besov space B ,., B, , with M and MP replacing LP. For
brevity, we will call sz,q,r and N ., respectively the homogeneous BM space and

inhomogeneous BM space.
It is not difficult to see that different choices for the family of functions {;}
give equivalent norms, as long as the v; form a Littlewood-Paley partition of unity.

Remark 2.3. One could consider constructing a non-local version of N, . by tak-
ing distributions such that [[{27* [|4;(D)f| sz }jezller < oo. However, MP is not
invariant under dilations, and so the norm of the corresponding homogeneous space

would not have a definite scaling degree.

3See also Section (311
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As discussed in [KY], the spaces N5, and Ny are strictly larger then Mor-
rey spaces; for example, the principal value distribution p.V.% belongs to N 1 oo,
but not to M}. On the other hand, their behavior in frequency space is simpler
and they are a better candidate for the analysis of partial differential equations, as
we aim to show in the paper. They are also strictly larger than the corresponding
Besov spaces, when p > q.

Let us, again, collect some useful inclusion relations. From (2:4]) and the fact

that ¢7 C ¢ if </, it follows immediately that
(2.12) Ny yr CNp oy and N C N

P,q,T .’

ifl1<q¢d <g<p<oocandl1<r<r <oo. Holder’s inequality for £"-spaces gives
instead

(2.13) N .. CN;

p,q,r

g’
for every r,7’ € [1,00] if s > s’. Hence, the inhomogeneous spaces form a scale.
In particular, s can be interpreted as a “smoothness” index, i.e., elements of N, . .
are more and more regular as s increases (cf. Theorem 2.4 below). However, we
never have Nps,q,r - Nzilqn"” intuitively because low and high frequencies “weigh the
same” in the Fourier representation of f € Nziq,v"'

In general, a Littlewood-Paley component v, (D) f may not decay at infinity, but
it is slowly increasing by virtue of the Paley-Wiener theorem. The Morrey norm
essentially controls the growth over balls of given radius. Therefore, by carefully
decomposing the convolution ¢, (D) f = ij x f, one can prove the following Sobolev-

type embedding theorem.
Theorem 2.4 ([KY]). The following inclusions hold:
(2.14) NS, CBSMP. NB. L CBP

p,q,T p,q,T ’

fl<g<p<oo,seER and r€[l,x].

In the critical case s = n/p; in particular, we have (we state only the homoge-
neous case for simplicity)

NP BY o =CY,
(2.15) NpP o C BY , € BMO, r € [1,2],
J\/Zféf’l c L™,

where C: are homogeneous Zygmund spaces [Irieb2] and BMO is the space of
functions of bounded mean oscillations, introduced by John and Nirenberg [JN].
Recall that C¢ = C* if s > 0 is not an integer, but C* C CF for k € Z,..
Potential estimates give (—A)~"/? ME — BMO [Miy]. So, (ZI5) follows im-
mediately from a theorem of Littlewood-Paley type for Morrey spaces [Maz2].
From Theorem 24, completeness of BM spaces follows (cf. proof of Lemma
22T). Also, the inclusions N, . — S&'/P, N; . — S’ are continuous

4T

In general, elements of N;} 4. belong only to 8’ /P, since the kernel of each opera-
tor ¢ (D) contains those distributions for which the Fourier Transform is supported
at the origin. However, for certain values of p, ¢ and s, one can canonically identify

each class f in ./\/;f’q’r with a distribution. To do so, note that for each fixed [ € 7Z,

48’ /P is endowed with the quotient topology.
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Z;‘;z ¥;(D)f converges to an element, f(;), of S’. Using the fact that the supports
of 1;(§) and ¥(&) do not overlap for |j — k| > 2, one can show that actually the
sequence { f()} converges in N, . and to f. So, it is enough to prove that {f}
converges in §’. This will depend on the values of p, ¢ and s.

Proposition 2.5 ([KY]). Let s < n/p, or s=n/p and r = 1. Then, the sequence
{fw} converges in S’ and the limit is the canonical representative of the class f.

The spaces N. g and NJ o can also be described as real interpolation spaces,

in the same fashion as the classical Besov spaces are.

Proposition 2.6 ([KY]). For s; # s2 € R and 0 € (0,1), the following interpola-
tion relations hold:

_ s
(a) p,q,n’ p,q,rz)GxT = Npgr and
_ S
'/\/p,q,m7 p,q,rz)e = Np,q,r )

(2.16)

(b) ( ) 51/2Mp (I A) 82/2Mp)9 , = N;s,q,r and

(=) M, (<) M), = N

p,q,r

(I
(
(
(

where s = (1 — 0)s1 + 0sg, r,r1,1m2 € [1,00], and 1 < g < p < o0.

The proof is essentially an adaptation of the LP case. Other useful relations
follow in a similar fashion. For the sake of brevity, we consider homogeneous spaces
only.

Proposition 2.7. Again, let s,s; e R, 1 <¢q,q; <p < oo, r,r; €[1,00], j =1,2,
6 € (0,1). Then

g 1 1-6 ¢
( ) (N;liqul’NZ;,q,Tz)‘ga’"* :NIi‘ZvT*’ if r_* - 71 57
. 1 1-0 0
(2) NS s N2 mn)og C NG g vy if 5= (1 = 0)s1 4 O3, —~ = - +E7
1 1-6

0
- = + — and ¢* = r*.
q q1 a2

Proof. Following [BI] (pp. 149-153), it is enough to show that N5, . is a retract
of /3 (MP), where

+oo
M) = H{an},an € ME neZ| (Y 27 [layllhe) /" < oo

j=—o0

For a = {a;} € éi(M{;), define a map Z by
(2.17) I(a) = > U, xaj;,
J

j+1
where U; = Z y; so, ¥; is identically one on the support of ;. Similarly, for
k=j—1
f € 8’, define a map J by

(2.18) T()j=vi*f.
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Then, clearly Z o J is the identity map on &’/P. To prove our claim, we need to
show that

T2 Npgr = G(MG)
and

P l(MP) — NS

p,q,r

boundedly. But || 7(f)

is(Mmp) R [ fllazs . by definition. Vice versa, since W1y, =

0if [k —j| > 1,
1/r
IP(@)ns,  <C (2" [lebk * aunll pz)"”
o >
< Cllallzs paz) -

The last inequality follows from the following simple observation, which will be
frequently exploited.

Remark 2.8. If E is any normed vector space of distributions, whose norm is
translation-invariant, then the Fourier multiplier ¢(D) is bounded on E for all
¢ such that ¢ € L' and

(2.20) l6(D)lop < [16]l 1

In particular, the Littlewood-Paley operators are uniformly bounded with
45 (D)]lop < 1, V5.

To conclude the proof, we use the following results on interpolation of éﬁ(A)
spaces, where A is any Banach space (|[BL], pp. 121-124):

(2.21) (.6, 4) =),
which proves part (), and
(2.22) (140, 053(42)) | = 62 ((As, A2)o)

if 7* = ¢*. Part @ now follows from the inclusion (M? , MP )g ;- C M?., which is

in turn a simple consequence of interpolation of L? spaces. ([

Contrary to the case of Besov spaces, the inclusion in part Blis strict. The op-
posite inclusion does not hold, because Morrey spaces are not interpolation spaces.
As shown in [BRV], it is possible to construct operators T bounded from Mf;y into

L% that are not bounded from MY into L.
The above proposition will be useful in Section Bl when proving regularity of

pseudo-differential operators in the spaces inqm and Nj ..

2.2. Wavelet decomposition. In this section, we are going to develop a decom-
position of elements of ./\/p's’qm and Ny . in terms of quasi-orthogonal “smooth
wavelets”, similar to that obtained by Frazier and Jawerth for Besov spaces [EJ1].
The type of wavelets used here are not compactly supported, although they are con-
centrated on compact sets (dyadic cubes); on the other hand, they have infinitely
many vanishing moments.

Wavelets have been used in the analysis of the Navier-Stokes equation [Fe|, yet

there does not seem to be a clear advantage over the Littlewood-Paley approach
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(cf. [Can]). On the other hand, wavelets have been successful in treating the Euler
equation, where there is no smoothing effect of the heat kernel [Vi2].
Let us begin defining dyadic cubes Q,, for v € Z and k € Z™:

(2.23) Qur={zeR" |27k <z; <2 V(ki+1),i=1,...,n}.
For fixed v, the collection {Q.k, k € Z"} tiles the whole space and the cubes are
pairwise disjoint. Each cube @ = @, is uniquely identified by its length £(Q) = 27

and a preferred corner zg = 27"k. We also denote the volume of the cube ) with

Q-

The smooth wavelets we are going to employ arise naturally from Littlewood-
Paley components. The first step is contained in the following lemma (see [EJ1]).

Lemma 2.9. Let f € S§'/P and let {¢)} be a (homogeneous) Littlewood-Paley
partition of unity. Then

(224) f() = Z 27 Z 1[)u * f(27uk) 1[}1/( - 27”1{:) )

VEZ kezm
where the convergence is in S’ /P and, as before, 1, (§) = 1 (&/2Y).

The main idea behind the proof is to exploit the compact support of ¥, to extend
d)uf to a periodic function of period 2¥*!7 in RE, and then use Fourier series to
represent it as a discrete sum of “wavenumbers” 277k coupled to the frequency
&, f is now a superposition of elements of a given family of test functions with
coefficients equal to the value of f, = v, * f at the sampling points 2 Vk.

For notational convenience, as we will be working in physical space R}, we set

Qﬁy(x) =o,(x)=2""0(2"z), o= Yo,
and
ovk(z) =02z — k).

Then, after some simple manipulations, (2:24]) becomes
(2.25) F=>227"" (ouks £ owk,
v k

which is an almost orthogonal decomposition, since (oui,0u) = 0 if v — p| > 1,
or anyway negligible if |k — [| is large enough. Each o, is a smooth wavelet
concentrated on the dyadic cube @, with infinite vanishing moments, i.e.,

(2.26a) / Mo (z)de =0,
(2.26b) lowk (@) < Opr (L4 2% (z —27Vk)) ™™
for all M > 0.

The next step is to rewrite the norm of each Littlewood-Paley component f, ap-
propriately in terms of dyadic cubes. For L? spaces, a classical result of Plancherel-
Polya holds [E.J1].

Lemma 2.10. Let 0 < p< oo, v€Z, f €S'. Assume Supp f C B(0,2"). Then,

1/p
(2.27) (Z sup If(x)|p> < Crp 2P || £ o .

kezn Quk
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We will prove a similar lemma in the case of Morrey spaces. Clearly, we do not
expect to have a full sum over the wave-vectors k, but only a partial sum.

Lemma 2.11. Let 1 < g<p<oo, v EZ, f €S8'. Suppose Supp f C B(0,2Y).
Then,

1/q

1-q/p 1—q/
sup |Q| “UPsup | f(z)|?
(2.28) o(J)>2-v ( ) QuieCJ Dot

< Capa 277 | fllaag

where J are dyadic cubes.

Proof. We can choose test functions o, satisfying all the hypotheses of Lemma 20
such that 6, = 1 on the support of f. Hence, from (2.24)),

f(x"'y)*o'u*fy _QVan ”k+y Uy(x—QVk)
kezn

=Y @k +y) (),

kEZn

(2.29)

with fy(z) = f(z+y). But o, is concentrated on the dyadic cube Q.. Therefore
([226b) easily gives with M =n + 1,

sup |f(2)] < sup [f(x +y)l

2€Quk z€Qv0
< sup |f(z+y)
|lz|<2=v\/n
<Cp Y f@VI+y) sup |ou(x)
lezn |$|<27V\/ﬁ
<Gy > fRTIHy) A+,
lezn

where y is some fixed point in Q,k. Using the triangle inequality (¢ = 1) or Holder’s
inequality (¢ > 1), and integrating both sides with respect to y gives

24 sup [£(2)0 < Cog 30+ [ frz i iy

2€Quk lezn Quk

< Cug S (141D / F@)edy.

lezn Quik+1

(2.30)

Clearly, a dyadic cube J can be covered by cubes of length 27" only if £(J) > 277,
so that

sup Z 277" sup |f(2)|? < Chyq <Z (L4 [])~ nH))

Z(J)ZQiV QuiCJ TEQuk leznr

s Y[l
UNN2277 g g/ Quk
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In the last step we have trivially shifted all cubes along the dyadic grid, which does
not affect the supremum. Finally,

(2.31)
sup 27vmP/ag(Jyna/p=h) Z Q"9 sup |f ()
oJ)>2-v ooy TEQuk
< sup L(J)yMa/p=1) Z 277" sup |f(x)|?
oJy>2v Oey 2E€Quk
<Cuy s 60 [ 1)y
oT)>2v J

< Cog [y

O

If f is any distribution, regardless of its support, replacing f with f, in the above
lemma easily gives

(2.32)
rq1/r
) 1 1—q/p 1
> [ 2vne/m e sup <m> > sup |fy (@)
= o()>2-v QurCJ 2EQui

1/r
<c Z(zs"nau*fmg)’“] = Clfllng,,

p,q,T
VEZ

forallseR, 1 <g<p<oo,ré€]ll,o0l.
Following [E.IT], let us introduce the following suggestive notation.

Notation 2.12. If Q = Q,, then set
oq =1QI"" P oy,
sQ = v(s=n/P) 5w F(27VE) .

We can collect all previous results to obtain the following wavelet representation
for the space N, .-

Proposition 2.13. Let f € N, .. Then

f= Y sqoq

Q dyadic
inS'/P, and
(2.33)
1/r
> S )
Cn,p, ) Ifln, o (75) QII=9/7sqe
e = \unz2-+ \1Jl| ol

Note there is no explicit dependence on the index p and s in this decomposition.
It is, in fact, hidden in the definition of og and sg. Also, for p = ¢, we correctly
recover the decomposition for Besov spaces (see [EJ1]).
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Proof. The representation formula for f follows directly from Lemma 29 As for
[233), it is enough to notice that ZQ sg 0@ with @ = @, satisfies the hypotheses
of Lemma 2.11] for v fixed. Hence, (2.32) becomes

) 1 \1~e/»
Cllfllg,., = | (2t swp ()

vez o()z2

r/q

Sy Qe sup 1Y sqoq(x)

QurCJ TE€Quk Qui

7'/(] 1/7’

1 1—q/p
=2 | sw (m) Y Qe o 1> sqouk(@)?

= ACGE Qs oy

But the cubes @, are pairwise disjoint. So (2:26) easily implies that the largest
contribution to the sum above is attained when k = [. O

It is straightforward to prove analogous propositions for the inhomogeneous
spaces N ... First of all, replace the homogeneous Littlewood-Paley partition
of unity {¢,}, v € Z, with the corresponding inhomogeneous one {¢g, .}, v > 0
(using the notation introduced in Section[2.1]), and let s = Jo* f(k). Second, since
we take the local Morrey space MF as base space, we must restrict dyadic cubes to

those of length £(Q) < 1

Proposition 2.14. Let f € N, ... Then
F= " sk@o(-—k)+>.> sa.. 00u
kezn v>0keZ
in S, and
(2.34)
Clifling,. = sup [skl
kEZ?L

r/q 1/r

1 \1~e/P .
+ Z sup <m> Z Q17|57

v>0 \27"SHI)SL QuiClJ

Remark 2.15. The reverse of inequality (Z33) (and similarly (2Z34])) can be shown
to hold. If {sq} is any sequence indexed by dyadic cubes, f = ZQ sQoq in the
sense of distributions, and

r/q /"
1\ e/
23 .= (X s () X ek sr <o,
= \ =2\l Oney
then f € Ny, with [[f|lns  ~ [[fll«. More generally, og can be replaced by an

(s, p)-molecule, as is the case for Besov spaces [FJ1]. We do not have to decompose
molecules concentrated on dyadic cubes in atoms supported on cubes (cf. [Uch| and
the decomposition for BMO), because cancellations are not crucial in this context.
Details are provided in [Maz2].
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The above construction should also be compared with a similar one for the space
BMO, which follows from work of Uchiyama [Uch|. Using the above notation, we
have

+oo 1 1/2
(2.36) [fllBmo &~ sup. Z 71 Z 27" sup |o, * f|? ,
J dyadic v=— log, (£(.1)) QuncJ Quk

and it is then easy to see, for example, that N[:(/]f)r C BMO for g > 2, r < 2.
Frazier and Javerth have extended Uchiyama’s result to the whole class of
Triebel-Lizorkin spaces F3 1 <r < oo, s €R[FJ2]. Their decomposition

OO,'I”
along with (2.33)) allows us to compare the Besov-Morrey space ./\/}%?021, p > n,
with BMO ™. We are particularly interested in the relation between these spaces
in connection with well-posedness at the critical scaling for the Navier-Stokes equa-
tion. We refer to Section [ for a more extensive discussion.

The space BMO ™! is the space of tempered distributions that can be written
as divergence of a vector field with components in BMO. The norm in BMO™! is
given by

R2 1/2
(2.37) [ fllemo-1 & sup sup (R_”/ / et f(y)|? dt dy) .
B(z,R) J0O

z€R™ R>0

Using the characterization (2.51), which is proved in the Section B3, it is easy
to see that

N;fé{’ogl CBMO™!, ¢>2 p>n.

However, for ¢ =1,
(2.38) NPt ¢ BMO™!

(and similarly BMO ™! ¢ N,?{”;l)

2.3. Scaling properties: the spaces BE®. Recently, G. Karch introduced a
large class of Banach spaces based on scaling properties of the heat semigroup, and
used them to study certain semi-linear parabolic equations [Kr]. BM spaces belong
to this class for a particular range of indices.

We begin again with some definitions and background notation.

Definition 2.16. Let (E,|| - |g) be a functional Banach space, that is, S — E —
S’. Set fr(x) = f(A\x), YA > 0. The norm || - ||z has scaling degree equal to k, if
Vf € FE and VA > 0, f)\ € FE and Hf)\HE =\ HfHE

We will denote a space with scaling degree —n/p by E,. Both the space LP
and the (homogeneous) Morrey space MYE have scaling degree equal to —n /p. BM
spaces have the same scaling degree as Besov spaces (namely s — n/p), while being
strictly larger. This property will be exploited in studying differential equations.
We implicitly assume that F always has some scaling degree, which is true for all
classical spaces.

Norm estimates for the heat semigroup can be easily obtained by rescaling ar-
guments.
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Lemma 2.17 ([Ki]). Suppose e°® : E, — E, is a bounded linear operator for
some to > 0. Then, there exists C = C(p, q,to) > 0 such that

(239) [ ls, < COOPVDflg, VS0, Vf€E,.
Moreover, if ¢ > p, then necessarily Eq; = {0}.

In view of the above Lemma, one expects t*/2[|e!2 f|| g, to be bounded for some
a > 0, even if f belongs to a weak space of distributions.

Definition 2.18. Given a functional Banach space E, define
(240)  BE" = {f € 8| |flne- = suplt™ !4 f]15) < o0},

It is not difficult to see that BE* = {0} for a < 0, while E C BE", although
this space is not as interesting. Therefore, we will implicitly assume in the following
that a > 0.

Lemma (ZI7) implies that F, C BEy VYq such that n(1/q —1/p)/2 < a/2 if
e!A . B, — E, is bounded for some ¢ > 0. In particular,

(241) LICBE“for E=LPift1<qg<p<ooanda=n(l/qg—1/p),
(2.42) M C BE® for E = M2 if 1 <p; <pp < oo and a = n(1/p1 —1/p2).

In the case E' = LP, the space BE® is, in fact, the homogeneous Besov Space
B, - This is a consequence of the following characterization of Besov spaces in
terms of the Weierstrass semigroup (see [Triebl], page 192):

Theorem 2.19. For every f € S, the following norms are equivalent:

111552,

p,o0

sup {t*/% [ f|| L} .
>0

Intuitively, Theorem holds because the symbol of the operator e'® and the
symbol of ¢;(D) have a similar behavior in frequency.

The spaces BE® are complete if the class of underlying E’s is appropriately
restricted.

Definition 2.20. K denotes the class of functional Banach spaces E such that
e!® 1 E — L9 is bounded Yt > 0 for some q € [1,0].

For example, the Morrey spaces M¥ have this property with ¢ = oo.

Lemma 2.21 ([Ki]). Assume E, € K. Then (BEy,| - ||pEg) is a Banach Space.

In fact, if E, € K, by Lemma 217 BE; — Bg,oo, where ¢ > p and v =
—a—n(l/p—1/q). So, a Cauchy sequence {fx} in BE}’ converges to f in B;’OO
Moreover, {2 f;} is a Cauchy sequence in E, for ¢t > 0 and, therefore, converges
to some g(t) in E,. Since the f3’s are uniformly bounded in BE®, we can conclude
that ||g(t)| s, grows in ¢t at most as =/, as t — 0. So, it is enough to show that
g(t) = e f in S’. But this is true by continuity of the heat semigroup in S’ and
because E, — S'.

Note that, if F has scaling degree k, then BE® has scaling degree k — a. So,
estimates similar to (Z39)) hold for certain values of a.

In view of Theorem [ZT9, we expect all BE® spaces to be characterized in terms
of a Littlewood-Paley partition of unity.
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Proposition 2.22. Let E be a functional Banach space such that the norm has
some scaling degree v > 0. Then, an equivalent norm in BE® is given by

(2.43) [ BEe = sup{277%|[; (D) fll £} -
JEL

For clarity, we split the proof into different lemmas.

Lemma 2.23. If f € BE®, then ¢;(D)f € E, ¥Yj € Z, and there is a constant
C = C(E,a) such that

(2.44) S‘élz){?_jalle(D)fllE} < ClflBe--
J
Proof. Set t = 477. Since 9;(£) is supported on the shell D; = {{ € R™ | 2771 <
€] < 2771},
15(D)flle = 1771 (%) F(€)) e

(2.45) < GIFY ey (6)f
< e (O fE)e
so that
(2.46) 279 ||y (D) fll & < Ot/ |l |2 | F e F() 1
<Ot | F e K f(©)]lp < O [l fls,
by means of Remark 28] O

Lemma 2.24. If f € §' is such that sup;cz{277*|4;(D) fllg} < co, then

(2.47) sup{277||p;(D) f|l £} ~ sup{277*|[v; (D) f|| £} -
JEL JEZ

Proof. It is enough to show that, for each fixed k, pr(D)f = Z?:—oo Y;(D)f in E.
Let Pl(k) = E?z_l (D) f. Set m > [ and consider

—1-1 —1-1

1P — PPN p<c Y (lwD)flle<c| Y 2@ sgg{rjanij)ﬂm},
J

j=—m j=—m

where the last term tends to 0 as I, m — oo if @ > 0. Hence,

k
275 er(D) flle <275 D (D) fle

j=—00
k _ _
<| 2 20 sl (D) )
j=—oo 7€

0
3 29 | sup{27914y; (D) f| £}
j=—o00 JEZ

< C sup{277%[;(D) fll £} -
JEL
The reverse inequality is obvious. (I

Note that this lemma would be clearly false if a were negative or zero.
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Lemma 2.25. Suppose that the norm of E has scaling degree equal to some v > 0.
Then,

(2.48) IfllBe- <C Slélz){2_j“||¢j(D)f|\E}-
J
Proof. By Lemma [2.24] it is enough to show

(2.49) 1l < C sup{277%|lp;(D) f &} -
JEZ

We need to estimate t*/? ||e!” f|| z. Using homogeneity of the norm, one can restrict
to the case t = 1. First, the semigroup property of e/® allows us to reduce easily
tot =47F for k € Z. Then, if we set f\(x) = f(A\z) for A > 0, we have

A A
(2.50) AL @) = (1) 5 (@),
which follows simply by changing variables § = % in the convolution p; * f.
Similarly,
(2.51)

i (D)f 2 () = 29 (@o(2') * 1 )(2)
= oni / B0 (27 (z —y)) f(2"y) dy
— on(i—k) / @0 (2777 (2% — §)) f(9) dy

=2"0=h) / Go(27F(x/VE—§)f(§) dy = (- (D) f) o (2).

a1
Vit

So, replacing f by f% in (249) and setting t = 4% gives
t

to/? IIGtAfﬁHE =1/ II(GAf)% &
=t A f ||
=20 |eB | g
< sup{279°g;(D)f |1}
JEZ :
sup{277*(|(¢(j—r) (D) f) 2 [ &}
jez ‘

= sup{277°2" |lp(;_1) (D) f|| &}
JEZ

= sug{T‘j"“’“?’“““’) leG-r (D) fll=}
JjE

because F has scaling degree ~.
By renaming indices j — k — j, it remains to show that

(2.52) le*flle<C slelg{?’jﬂI%(D)fHE}
J

Now, on the left-hand side apply a Littlewood-Paley partition to f, so that it is
more convenient to replace the supremum by a sum over j on the right-hand side.
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To do so, fix # and € > 0 such that 3 — € > «a. Then,

(2.53) Y 2 piD)flle <2 (Y 27 ilelIZ){Z_ka (D) flle} -

Jj=20 =0

Next, note that in &,

Y 2770 0i(D) = cpo(D) + Y 2777 Y (D)
k=0

Jj=0 =0

(2.54) = 0
=cpo(D)+ Y ww(D)Y 2777
k=0 =k

But if & is a smooth compactly-supported function, which is identically one on
the shell Dy, then the operator norm of the multiplier e*|§|2<1>k(§) does not exceed
C327 " for every 3 > 0, where Cz does not depend on k (cf. Proposition [B.3).

Hence, (254) implies
le2flle < lle®eo(D)flle + e > wi(D) [l
Jj=0

<Cs > 27 p;(D)fllE. V5.

Jj=0

(2.55)

O

Equivalence of norms such as (2-43]) are very well-known in the theory of function
spaces, where they are a consequence of interpolation relations between semigroups
of operators and their infinitesimal generators [BL], [Trieb2]. However, such results
require that the semigroup be strongly continuous or even analytic. Our proof, in-
stead, is based solely on some simple scaling arguments and requires the semigroup
only to be uniformly bounded. Note, in particular, that the heat semigroup is not
strongly continuous on Morrey spaces.

Consider now the homogeneous BM space N, ¢, o > 0. By virtue of Proposi-

P»q,007
tion L0 it can be canonically identified with the set of distributions

{f €S| sup{277%||A; fllg} < oo}
JEZ

Therefore, Proposition yields immediatelyﬁ
(2.56) N; & = BE*,

p,q,00

for E = M?. Note that M. has scaling degree —n/p; so Proposition Z22] does
indeed apply. In turn, this identification gives an equivalent norm in the space
./\/';7(1700, s < 0, which is useful when dealing with semi-linear parabolic equations:

(257) £l SUDEE 2 01}

Similar results hold for the local space N, , ..

Proposition 2.26. Let 1 < g<p<oo, s<0. Then
(2.58) 1 £llwvs., .~ sup {E72 (" fllagg} -
0<t<1

5This identification gives, in fact, a positive answer to a question of G. Karch Ky
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The proof is actually simpler, since no low-frequency part has to be considered.

Remark 2.27. Using the inclusion N, . C N7 .
conclude that, if s < 0,

(2.59) €Ny, = sup {t~
0<t<1

for 1 < r < oo, we immediately

e g} < oo

Note that (ZR3) is a bit stronger than norm estimates obtained by a simple rescaling
argument, which would read:

(2.60) I fllvo. < Ct2| flln:

P,q,00 poa,r

3. PSEUDO-DIFFERENTIAL CALCULUS

Our focus in this section is to study pseudo-differential operators in the function
spaces previously introduced. Pseudo-differential calculus is a well-established tool
for the analysis of partial differential equations, especially non-linear ones. Our
results improve decisively upon those in [Ki| and [KY]. In particular, the theory
developed here will be used extensively to define spaces on manifolds in Section @l

We will be mostly concerned with inhomogeneous spaces. Little can be said for
the spaces BE* (N;:q’r in particular), unless the symbol definition is appropriately
modified. Intuitively, the reason is the essentially local (or pseudo-local) nature of
the operators we study. Their kernel can be highly singular along the diagonal, but

it is smooth and rapidly decreasing away from it.

3.1. Basic estimates. For the sake of clarity, let us recall some basic definitions.
A rather complete, but concise, treatment of the theory of pseudo-differential op-
erators is given in [Tayl]. A classic, thorough reference is [Tay4].

Given a function p(z,£) on R™ x R™, one can define an operator P, acting say
on S (if p does not grow too fast at infinity), by

(31) Pf@) = [ ple.F(© e de.

The function p is called the symbol, o(P), of the operator P. Fourier multipliers
correspond to taking functions of £ alone.

We will also use the standard notation p(z, D) for the operator P with the
function p as symbol.

Definition 3.1. A smooth function p(x, &) belongs to the symbol class S;’f(;, m € R,
p, 0 € [0,1], if it satisfies

(32) |Dg DY p(a, )] < Cag ()19

for all multi-indices a and 3. A pseudo-differential operator P belongs to the class
OPST's if its symbol is a function in S7's.

In B.2), (¢) stands for (14 |€]?)*/2. The number m is the order of the operator,
while (p, d) is its type.

Example 3.2. Let P = Z\TZA:O ao () 07 - 0% be any m-th order differential
operator. Then, P € OPS and o(P) = 370 aa(z) & -+ &4
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The symbol class S7s was first introduced by Hérmander [Ho|. Operators in this
class behave nicely on Sobolev spaces, namely P : H® — H*™™ for P € S;’f& with
0<d<p<l. Also,aslongasd <1, P:S8 — &

Under the above hypotheses, composition and taking adjoints are well-defined
operations; precisely,

(1) PeEOPS],0<0<p<1= P*e€OPS,

(2) Pj e OPS:;J:(;J_, J=12= PioP, € OPS]; with p = min(p1, p2) and
§ = max(d1,d2) if 0 < d2 < p < 1.

Finally, it is customary to set

OPS™ = () OPSI 50y -
meR
ps0
An operator P € OPS™ is called a smoothing operator, because
P:S8 —(C*, and

3.3
(3:3) P:&-S.

Many other definitions and generalizations of symbol classes are clearly possible,
and we will consider some later in the section. For the applications we have in
mind, it is enough to take p = 1. On the other hand, ¢ will range over the whole
interval [0, 1].

We now turn to establishing mapping properties of pseudo-differential opera-
tors for BM and BE® spaces. Since the symbol of the Stokes operator (on R™)
has constant coefficients, the results found in [KY] and [Ki] concern the behav-
ior of Fourier multipliers. Let {¢;} be the usual (homogeneous) Littlewood-Paley
partition of unity subordinated to the dyadic decomposition of R™ into the shells
D;.

Proposition 3.3 ([KY]). Let m € R and j € Z. If P(§) is a C*° function on
D;j_1UD;UDji 1 = Dj such that P satisfies

(3.4) 10llpjoc| < A2m—lehi

for & € D; and some constant A, Yo € N™ such that |a| < [n/2]41, then there exists
C > 0 with the following property: Yu € MP (respectively M¥), 1 < q < p < oo,
such that Supp Fu C Dj, we have P(D)u € M? (respectively M%) and

IP(D)ullary < CA2™ [lullarg
(with a similar estimate for M? ).

It is enough to establish the following bound on the Schwartz kernel of P(D)®(D),
Kz —y):
(3.5) | K| < CA2™I
which is an easy consequence of (B4) and the Plancherel theorem. Here, ® is a

function in C§° that is identically one on D;.
Proposition [33] readily gives continuity of Fourier multipliers in BM spaces.
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Proposition 3.4 ([KY]). Let m, s € R, 1 < ¢ < p < oo, r € [1,00]. Let

N > [n/2] +1.
a) If P(€) is a CN function on R™\ {0} such that
(36) 97 P/og| < AJg[mTIoD V| < N,
then
P(D): Npgr— Nyg'

is a bounded linear operator.
b) If P(&) is a CN function on R™ such that

(3.7) 011 pjog| < A)mleD Vo] <N,

then
P(D): N;,,.— N ™

P, pq,T
is a bounded linear operator.

Note that if P(§) € ST%, then it satisfies (B.7) for every N. Similarly, following
[Tay3|, we define the symbol class X" to be the set of smooth functions on R™\ {0}
such that (B.6) holds for every N. Note that S7; € X7* if m < 0, but if m > 0,
condition (3.6]) is stronger than (37)), at least when |a| < m.

It is straightforward to extend these results to the whole class BE®, since they
are essentially a consequence of invariance under translation for the norm of the
base space.

Notation 3.5. To avoid confusion with the multi-index « in the definition of symbol
classes, in this section we will denote BE* by BE~*, s < 0.

We restrict F to the class K (see Section 2.3) and assume the norm has scaling
degree —n/p, so that BE~* is a Banach space. This is not a severe restriction.
In particular, it is satisfied by L” and M?¥. The analogue of Proposition [3.3] holds
word by word if M? is replaced by E:

Lemma 3.6. Letm € R and j € Z. If P(§) is a C™ function on Dj_1UD;UD;41 =
Dj such that P satisfies

(3.8) |81l p/og| < A2(m=lahi

for € € D; and some constant A, Ya € N* such that || < [n/2] + 1, then there
exists C' > 0 with the following property: Yu € E such that Supp Fu C D;, we have
P(D)u € E and

(3.9) |P(D)ulle < CA2™ |ju]ls.

Proposition 3.7. Let m € R. Suppose s < 0 and s < m. Let N > [n/2]+ 1. If
P(&) is a CN function on R™\ {0} such that

(3.10) 011 Pjog| < AJg|mle . Wlal < N,

then
P(D): BE®*— BE™*

is a bounded linear operator.
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Proof. Recall that an equivalent norm in BE™ ™% if m — s > 0, is given by
lull rm—s 2 sup{2790" = ||y (D)ul| £} -
JEL

It is therefore enough to prove that
(3.11) [4;(D)P(D)ulle < C 2™ |[¢;(D)ul|k

where P(D) and v,(D) commute, as scalar Fourier multipliers. Hence, we apply
Lemma 3.6 with u replaced by u; = ¢;(D)u and P(D) by P(D)®(D). On the shell
Dj, [€] ~ 27, so that P(£)®(&) satisfies (B.3). O

The spaces BE® do not form a scale. Consequently, operators of negative index
do not have the usual smoothing effect. In the following sections we will concentrate
on inhomogeneous BM spaces, which do form a scale.

Remark 3.8. The identification given by Proposition breaks down if s > 0,
since then BE~* = {0}, while the spaces defined as

{fes'/P| sgg{fj [;(D)fllg} < o0}, s€eR,
J

are non-trivial even if s > 0 (take F = LP, which gives the classical homogeneous
Besov spaces). The proof above still holds for these spaces when s > m, but they
are not spaces of distributions in general.

3.2. Further results: non-regular symbols. Now we consider general pseudo-
differential operators p(z, D). The symbol class ST is a little bit too restrictive
for applications to non-linear equations, where typically differential operators have
coefficients that depend on the solution itself. Therefore, while their symbol is still
a smooth function of £, in general it will have only limited regularity in x.

We will concern ourselves with symbols for which z-regularity is measured in
Hélder or Zygmund spaces. Other scales of spaces can be used [Tay2]. Our choice
is motivated especially by Theorem[2:4]in connection with para-differential calculus

(cf. Section B3]).

Definition 3.9. The function p(x, &) on R™ xR™ belongs to the symbol class C’fSKL(;,
d €[0,1], £> 0, if it is smooth in £ and salisfies the following estimates:

10%p(+,€) /0o < Aa (€)m—lal+6) g
|0°p(2,£) /967 < Ca (€)1,

Similarly, one defines the class CKS{%, 6 €[0,1], £ > 0, as the collection of symbols
p(x, &) such that

(3.12)

10%p(-, €) /0 || e < Aq (€)M 101H0) gpg
10%p(, £)/OE®| < Cy (€)(m—1aD)

The differences between the two classes are minor, especially if £ € R, \ Z.

(3.13)

Notation 3.10. If X is a function space, we will write p(z, D) € X OPST; if p(z,§)
satisfies (312) with | - ||x in place of the CY-norm.

Propositions B4l or 377 do not immediately extend to pseudo-differential oper-
ators, in particular, because p(z, D) and v;(D) do not commute. Since 1;(D) is
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scalar, the commutator Q = [p(x, D), 1;(D)] will have lower order. However, it will
not be a smoothing operator, even if p(z,§) is a regular symbol.
However, if p(z, &) € ST, 0 < 1, there is an asymptotic expansion for the symbol

of Q:
(3.14) g ~— 3

[8]>0

4181
B

and ¢(z, &) resembles a so-called elementary symbol (see, for example, [Bour2] or
[CM]).

The asymptotic relation ~ is given as follows. If ¢ is a symbol in ST, then
q~ ijopj if, for each k > 0, ¢ — ngkpj € ngk. In other words, Zj pj(z, D)
converges to ¢(x, D) modulo smoothings. pg is called the principal symbol of
q(z, D), also denoted with og(g). It is customary to refer to Zj pj as “the”
asymptotic expansion of ¢; although, clearly only the principal symbol is uniquely
defined.

Ifp~> ;p; and each p; is a smooth function that is homogeneous of degree
m — j for £ large, then p is called a classical symbol of order m, and we write

p€ST.
Definition 3.11. We call elementary symbol in the class CfSK%, 0<6<1, an
expression of the form

(3.15) o(z,6) = ;@) (6),

>0
where 1o is smooth supported on the ball B(0,2), ¥;(&) = ¥(£/27) and ¢ € C§°
is supported on the dyadic shell Dy = {{ € R™ | 1/2 < |¢] < 2}, while {0} is a
uniformly bounded sequence such that

(3.16) lojllce < C20(m+o)

Dg;(€) Dip(a,€)

Convergence is intended in the Fréchet topology of CfS{’fé induced by the semi-

norms

(o) = sup ()T |9ga (- E)lle:
£ER™ ’
le]<N

win(o) = sup (" [|0go (-, &)l -

£ER™

la|<N
Example 3.12. If {¢;} is a Littlewood-Paley partition of um’t;ﬂ and {o;} is a
sequence uniformly bounded in C*(R™), then

o(x,8) = 0 (27°2);(€)
Jj=0

is an elementary symbol in CfS(ié.

It is well-known ([Bour|, [Ma]) that every symbol o can be decomposed into a
rapidly convergent sum of elementary symbols,

0 = E Ok ,

kEZ?L

6Here 1o corresponds to ¢ in our previous notation.
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where oy, is such that my(0;) < C7y(o). Informally, such a decomposition is
obtained by first applying a Littlewood-Paley partition of unity and then expand-
ing each component in an orthonormal basis of L2 (R?) to separate the x and &
dependence.

Therefore, the operator with symbol ¢ can be resolved into “elementary oper-
ators” with symbols oy, which justifies restricting to operators with elementary
symbols. Thus, whenever the norm of target and source spaces is defined itself in
terms of Littlewood-Paley components, the decomposition of the symbol and the
decomposition of the function can be “matched” and the problem is reduced to
bound localized objects.

This idea has been exploited to establish continuity of pseudo-differential opera-
tors with non-regular symbols in inhomogeneous Sobolev spaces H*P and Zygmund
spaces C? [Mal], [Ru2], [Bour|. Here ¢ can be equal to 1; so the “exotic” Hérmander
clasg L1, is included.

However, the proof breaks down for the spaces C7, when s < 0. Indeed, a crucial
step is given by the following lemma (see [Tay1], for example).

Lemma 3.13. Let f =3}, f; in S, with Supp fj C B(0, A27) for some A > 0.
Then, for s >0, a

(3.17) [flles < C(A) sup{2%* || fjl| L} -
j=0

The restriction on the range of s cannot be lifted, since the hypotheses imply
that the support of each Littlewood-Paley function ; intersects the support of
infinitely many fi. But each || fx|/z is weighted by a factor of 27%¢. So the total
contribution is divergent for s < 0 (cf. proof of Lemma [3.16]). For Sobolev spaces,
duality and interpolation can be used instead to extend the analysis to the case
5 <0.

Recall that the spaces BE~® correspond to Besov-type spaces of negative index.
So the above proof cannot be adapted in this context. On the other hand, even for
the classical (homogeneous) Besov spaces, there is no analog to the lemma above if
s is positive large enough.

Clearly, there is no restriction on s if the fi’s are supported on dyadic shells
instead of balls (cf. Lemmal3.I6]). But then, to use the same approach, one is forced
to consider symbols modeled on the class X7*. Due to the possible singularity of
the symbol at the origin, convergence issues arise and there is no good calculus.

For the homogeneous BM spaces, one could try and exploit the representation of

o . . . <
./\/'p’q’,, as real interpolation spaces (see Proposition[ZG). However, the spaces Np’q,r

are actually better behaved than the spaces (—A)S/ 2./\/1{1’. For example, the former
are closed under the action of Fourier multipliers of the Mikhlin-Hérmander type
while the latter are not (for ¢ = 1) [Tay3], [Tay6]. Indeed, in general such symbols
are not even bounded in L!.

Hence, from now on we will concentrate on local spaces. As expected, the theory
is similar to that for Besov and Zygmund spaces [Rul], [Rn?2], [Bour], [Ma].

First of all, there are better interpolation results, since one uses real interpolation
on the scale of spaces (I — A)_S/QM(?. From Proposition 2.8,
(3.18) (I — A)=/2MP (I — A)~2/2MP)y . = N3

p,q,r>?

7L175 is another standard notation for OPS? 5
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where 6 € (0,1) and s = (1 — 0)s1 + 6sa. Therefore, a linear operator P bounded
on (I — A)*Si/2Mé’ for i = 1,2 is also bounded on N , . ( [Trieb2], p. 63). A first
partial result follows easily.

Proposition 3.14. If P € OPST;, m € R, § <1, then

(3.19) P: Ny, »— Ny W, VseR, re(lo0], 1<g<p<oco.
Proof. Since operators in OPST"s, 6 < 1, compose well, we can reduce to the case
m = 0. P is bounded in M? for 1 < ¢ <p < oo [Tay3]. But o(P) € 5?76 implies
(I-A)2P(I—-A)"*/2€0PSY;. O

To treat non-regular symbols, which do not have good multiplicative properties,
we use elementary symbols and follow the approach in [Bour] and [Ma]. Again,
the idea is to compare the decomposition in frequency of the symbol with that of
the function on which the symbol acts. To do so, we need a couple of preliminary
lemmas. For the reader’s convenience we give proofs, although they are very similar
to that of Lemma [313

Lemma 3.15. Let {f}, k > 0, be a sequence of tempered distributions such that for
some A > 0, Supp fo C B(0,A2) and Supp fr. C {£ € R* | A2F-1 < |¢| < A2k+1}
for k> 0. Then

(3.20) 1D fullws, . < CCA) (Ifollagg + {21 fullaag 3o ler) -
k

Proof. Let {@o,v;} be the usual (inhomogeneous) Littlewood-Paley partition of
unity. By hypothesis, 1; is supported on the dyadic shell D;, while ¢ is supported
on the ball B(0,2). Hence, there is an N = N(A) independent of k such that

j+N
(D) (Z n) =D [ Y K]
k k=j—N
N
o(D) (Z fk> = ¢o(D) (Z fk> :
k k=0
Consequently,
N
| kaHN;,q,r = [l¢o(D) <Z fk) HMg
k k=0
. JtN "
(3.21) + 9> 290D | D fi |
j>0 k=j—N

N ry 1/7

N
<O Ml +9 D127 >0 el :
k=0

J=N k=j—N
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since {go(D),4;(D)} is uniformly bounded in OPS?,. We estimate each part
separately:

1/r

N N 1/r
> Wl < <Z 21””’) S5 fallasg )
k=0

k=0 k>0
(3.22) e
<C > @R full )" :
k>0

using Holder’s inequality with exponent 7’ conjugate to 7. We then bound the
remaining piece:

N M
D27 D0 el
Jj=zN k=j—N
oN 4 ry\ 1/7
=C 4> |22 il
>0 Li=0
(3.23) 0
2N
<C Y27 0> U k)"
1=0 k>0
1/r
<O 3> @5 fullag)”
k>0

O

This is basically Proposition 2.8 in [KY], except that our proof works also for
r = oo (all we used is the triangle and Holder inequalities).

Lemma 3.16. Let {fr} , kK > 0, be a sequence of tempered distributions such that
for some A >0, Supp fr C B(0, A2¥*+1). Then for s > 0,

or .

(3.24) 1S fillvs, . < CCAY {21 fellagg bizo
k

Proof. The low-frequency part is taken care of by the previous lemma. Concentrate
on the high-frequency part. Again, in view of the hypothesis on Supp;, there
exists an N = N(A) independent of j such that

(3.25) UiD) (D fe | =@ [ D A

k>0 k>j—N
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Hence, by the triangle inequality:

4

I fellwg,, <29 [ D0 el | iz
k

k>j—N

= {2 [ D 270205 £l | Yisn

4

I>-N
(3.26) i[9

< >0 27290 il Yo ller

I>_N
< S 278 I 15l aar bizoller
I>_N

< CI2” 15l dizoller

as long as s > 0. H

We are now ready to prove our main result.
Theorem 3.17. Let p(z,&) € CfS{’fé, where m € R, § € [0,1]. Then
. s+m s
(3.27) p(x,D): Ny — Nj
fo0<s<l,1<g<p<oo,rell,o.

Remark 3.18. Note that ¢ can be equal to 1. Therefore, the para-differential casdl
is included.

The proof follows closely that for Sobolev Spaces [Ma]. First of all, by Propo-
sition B4l it is enough to examine the case m = 0. Indeed, (I — A)™/? is an
isomorphism between Nj . and N3t and the composition p(x, D) o (I — A)m/?
is well-defined even for symbols with limited smoothness.

In addition, we are reduced to considering elementary symbols. This is possible,
because for elementary operators, convergence in the operator norm of E(sz, q,v") is
equivalent to convergence of the symbols in the Fréchet topology of C’fS?’ 5» which
will be established in the course of the proof.

Proof. Let g be an elementary symbol of the form

(3.28) q9(z,€) = > q;(@)v; (&),

j20
where ¢; satisfies
(3.292) lgslls < C29%,
(3:290) a5l < C,

with C' depending on § and ¢ but not on j. By modifying g;, if necessary, we can
always assume 1); is exactly a Littlewood-Paley function.
Set Y5 (D)g; = qrj. Then, (3293) is equivalent to

(3.30) llgrslizee < C27%0274.

8See Section
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Again, the idea is to “match” the decomposition of each g; into gi; with the de-
composition of the function f on which ¢(x, D) acts into ¢, (D) f = ij Therefore,
we rewrite the symbol as a sum of three parts, a “low-high”, a “high-high”, and a
“high-low” part. Here, high and low refer to the range of frequencies for g;, i.e., k,
compared to j:

J+3
9@, ) = | D ai@+ D @+ Y @) | i)
(3.31) >0 \k<j—3 k=j—3 k>j+3

=q(z,8) + q2(2,8) + q3(2, ) .

We will treat each term separately, starting with the simpler piece ¢s.
. i+3 . i+3 .
Since g2(w, D)f = Yyo0(X4L5 5 ki fy) in S’ where (327555 aui f5) is sup-
ported on the ball B(0,27%), by Lemma B.16]

Jj+3
llg2 (2, D) fllwz,, < CI2N D ai fillaag Her
k=j—3
(3.32) e
<CIHZ* Y Nawslleoollfillazz Hler -
k=j—3
But (3.30) implies
j+3 3
7 llawsllpe <2070 Y 27H < 0,
k=j—3 k=—3
with C' depending only on ¢ and §. So
(3.33) lg2(, D) flIwvz . < CIH2P I filnag Hler < C ISl , -

In the same fashion, since .7-'(2,6<j73 qx; fj) is supported on a shell centered at the
frequency 27, by Lemma B.17,

<CH2”I Y0 awfillag)

lla1(z, D) flIns., . e
0<k<j—3
(3.34) <O g fillaaz Hler
0<k
< CI{2% gl fillazz Hler < ClIflIns, -

In the last line, we used the fact that the g;’s are uniformly bounded in L*°.
Finally, let us examine gs(z, D)f. Here Ek>j+3 qrj f; is not supported on balls
or shells; hence we cannot directly proceed as above. However, note that in S,

Z Z ijszz Z ;S5 5

§>0 k>j43 k>3 j<k—3

9Note that in this case: ||f||ns

P,q,T = ||{2Sj”f]'”]ug’ }jZOHZT-
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and F (> )4 qkjfj) is now supported on a shell around the frequency [¢] = 2k,
Applying again Lemma yields

lgs (2, D) fllwvg,, = 1> D awifillng,.,

k>3 j<k—3
(3.35) §C||{2ks|| Z ar; fi

j<k—3

<O Y lawsllz=Ilf;

j<k—3

Now, use again ([8.30) (where we can set § = 1, since k > 0) to write

25N lawglloee | £illazz

j<k—4

(3.36) <0 Y 20 f g

j<k—4
=C j{: 2= =023 fillar)
j<k—4

with C' depending only on £. But this is the convolution between {2F(=01 which
is in /' as long as s < £, and {27°|| f;||as» }, which is in " by hypothesis. Therefore,
by the Young-Hausdorff inequality,

25 > Nlawslo<llfillag Her

Jj<k—4
(3.37) <O Y 29790792 fillagg) Hler
j<k—4
< CI{2Z*C O a2 1 f5llaag Hler < C I fllwv, . -
Combining (333), (34), and (B37) produces the desired estimate. O

In particular, it ensues that the operator norm of p(x, D) is dominated by an
appropriate seminorm of its symbol in the topology of CfS{’fé

Because of the good multiplicative properties of regular symbols, if p(z, ) € S(f’ 5
with 0 < 1, then (B:21) holds for every s € R. This result extends Proposition B.14
to include the case ¢ = 1.

Remark 3.19. Since Lemma was used to bound ¢;(z,D)f, the restriction
s > 0 is not necessary for this type of symbol, as long as ¢ > 0. Moreover, the
only other ingredient in the proof is ([3.291) or an even weaker estimate, namely
sup; || Zkg ; Ak |lL~ < co. Consequently, it is also possible to relax the regularity
assumption to ¢(z,&) € L S?’é (with obvious notation). If g(z,¢) € C9 51 5
(B334) just barely fails, while [B33)) still holds for s positive. This observation can
be formalized further and leads us to study the symbol class B"ST"; introduced
by Y. Meyer, which has important applications to non-linear partlal differential
equations [Tay2].

By using symbol smoothing, we can strengthen our result a bit for the case § < 1,
namely we can take s negative (but small) in Theorem BI7. Essentially, symbol
smoothing consists of applying to the symbol standard mollifiers in x. For details,
we refer to [Tayl|, Vol. 3.
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Corollary 3.20. Under the hypotheses of Theorem [3.17, assume, in particular,
that § < 1. Fiz vy € (§,1). Then, for 0 <e < (y— )¢,
(3.38) p(x, &) Nctm - N ¢

p,q,r p,q,r*

Proof. Again, we can reduce to the case m = 0. Recall that a symbol p(z,§) €
C’ngé, 6 < 1, can be decomposed as follows:

(3.39) p(a,€) = p*(2,8) + p’(2,6),
with p# € S?,v and p® € CfSi§775)£ for a chosen v € (§,1). Therefore,

(3.40) p* (2, D) Ny, — Nyaro Ve,
while

b N —c
(3.41) p (an) : pr],?" - NILW“’

as long as 0 < € < (y — d)¢. In fact, although there is no good calculus for non-
regular symbols, p®(x, D) o (I — A)~9¢ belongs nevertheless to CfOPS?W. O

3.3. Para-differential operators. Para-differential operators are a powerful tool
for the study of non-linear differential equations.

As before, we start by outlining the main points of para-differential calculus,
which was first introduced by J.-M. Bony [Bo| and developed by Y. Meyer [Me]. A
rather complete treatment can be found again in [Tayl], Vol. 3.

Meyer’s idea is simple, yet ingenious. It consists of writing a non-linear differ-
ential operator as a sum of a linear pseudo-differential operator (which will be of
type (1,1)) plus a smooth remainder.

Suppose F' : R — R is a smooth (non-linear) function and pick « in some
appropriate space. Let {¢o,%;}, j > 1, be the usual Littlewood-Paley partition of
unity. Set Wy, = ¢o + ;< ¥; and write F'(u) as

(3.42) F(u) = F(uo) + [F(u1) — F(uo)] + [F(uz) = Fuy)] +- -

with up, = Uy(D)u. Applying the Fundamental Theorem of Calculus to each dif-
ference gives

F(u) =Y mi(u,z) Yri1(D)u + F(ug)
k=0

(3.43)
= Mp(u,z, D)u + F(up),
where )
ma(u, ) = /0 F'(u + tess (D)) dt

and F(ug) = R(u) is a smooth remainder (recall (D) € OPS™*°). Mp(u,x,D)
is called a para-differential operator.

Notation 3.21. Even though, in general, M does depend on u and F, it is cus-
tomary to write M (z, D) instead of Mp(u,z, D).

If u € L™, then Mp(u,z, D) € OPSY |, since by the chain rule
|DE M (2, €)| < Co |F'|| o n) (€)',

(3.44) )
D DEM(,6)| < Cag | F" | crot-ay (lull ) (€121 11
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where [ is an interval containing the essential range of u. Note that, in particular,
F need not be bounded. But F' must be smooth in order to have a regular symbol

for M. Therefore, if u € Ny .M L, results from the previous section imply

(3.45) M(z,D): Nt — N vt > 0.

P.a.T PygT 0
Since the operator norm of p(z, D) € C’fOPS?’(; depends only on the C*-norm of
p(+, &) from Theorem 317 we obtain the bound
(3.46) 1M (2, D)l ey, < En(Fyu) = CIF [on((lullz<)™

p,q,T

by choosing N > ¢. If s > 0, we can apply the above estimates to F(u) itself and
conclude

(3.47) IEW)llng . < Kn(Fu) llullv

< sar TIRWINg ., N>
Actually, so far we know R(u) is smooth, but there is no prescribed behavior at
infinity. Since u is bounded, the chain rule again implies R(u) = F(ug) € C* for
every £ > 0, i.e.,
||AjF(U0)||Loo §CF27JZ, Vi>0.
Since L*® C M?, R(u) € Nf, . for all >0, and N} , ., C N, . if £ > s.
The following Moser-type estimate can be obtained by specializing (346) to

F(u) = u?,
(3.48) u?|ns < Csllullpee||ullns Yu e L* NN}

P,q,T P,q,T p,q,7
Indeed, in this case || F'||pe + ||F" ||z {|lullr=) ~ 2(||ulL=), and no other term
arises because higher-order derivatives of F' are zero.

Let us now consider a function of several variables F'(u) = F(u!,...,u™). Then,
expanding F as before gives

s>0.

(3.49) F(u) =Y Mp(u,z, D)u+ F(ipo(D)u),
=0
where
(3.50) Mp(x,€) = > mj () Pr1 (€)
k=0
and

mi (z) = /O O, F (Ui (D) + sy (D)) dt .

Hence, as long as each u? belongs to L, all the results of the one-dimensional case
extend. In particular, for F'(u,v) = u - v, (849) becomes

(3.51) u-v = Mp(u,z,D)v + Mp(v, z, D)u + 1 (D)uo(D)v,

with

(3.52) V() = S[0R(D)u + S th1 (D) 1 €)
k>0

The equivalent of (344 is
1M (u, -, E)lloe < C ) 2 Jull L thura (€)
(3.53) k>0
~ Clull=(€)"
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since (€)¢ ~ 2% on Supp x4 1. Therefore, a Moser-type estimate follows:

(3.54) - vl s

p,q,7"

< C(|lullz=lloll v,

+ llull vy

p,q,7" p,q,"

[l zee) -

It is interesting, especially in view of applications to the Navier-Stokes equa-

tion7 to establish when the space N, , , is an algebra. Given the discussion above,

it is enough to find when Ny = — L.

Recall first the situation for Besov spaces [Rull]. For 0 < pp < p; < o00,0< ¢ <
oo and —oo < 51 < 89 < 00,

. n n
(3.55) By  — B!, if 5o — o =58 — o
But BS, ,, = C{, so that
(3.56) B;f;”/p%Loo if $s>0,0<p,g<00.

Also, in the critical case s = n/p, Bﬁ{]p C L for 0 < ¢ < 1. Both these embeddings
are sharp [SiT].
Combining (355) and (@356) with Theorem 241 yields immediately

(3.57) Ny gw = L™ fors>n/p, 1 <r < o0,
and
(3.58) Ny g1 = L for s >n/p.

Recall also the relation with BMO established in Sections 2.1] and 2.2
Accordingly, (B:54)) provides the following criterion.

Corollary 3.22. The space N, , . is a Banach algebra for

(1) s>n/p, 1 <qg<p<oo,ifre(l,c], or
(2) s>n/p, 1 <g<p<oo,ifr=1.

Another way of decomposing a product of two functions is the paraproduct of
J.-M. Bony [Bo|. We follow [Tay2| and define it as

(3.59) (v, w) = Y (Ux-1(D)o)(Wpsrw).

k>1

So, m(u,v) is obtained by applying symbol smoothing directly to the multiplication
operator by v, m,. When v € C¢, £ > 0, one has

(3.60) v-w="7(v,w)~+ py(z, D)w,
with p,(z,€) € CZSI_’{. Note that, by the results of the previous section,

po(z, D) : N5—t _ N

p,q,T p,q,T

only if 0 < s < /.
To compare the paraproduct with (43), set v = F’(u). Then

(361) MF(J%O _WF’(J"7€) € Sl_f7

if also u € C*, £ > 0 [Tay2], which allows us to improve slightly upon (B:60).

10Recall the non-linearity in the Navier-Stokes equation is quadratic.
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Corollary 3.23. Let F' be a smooth function. If u € CeﬂNIf’q’r,
the following decomposition holds:

(3.62) F(u) = n(F'(u),u) + R(u),

withs >0,¢>0,

where R(u) € N5+°

p,q,r"

In particular, the best approximation to u? is not 7 (u,u), but rather 2 7(u,u).

Proof. Write
F(u) = m(F'(u),u) + (Mp (2, D)u — 7(F'(u),u)) + R(u),

with R(u) = (Mp(z, D)yu—n(F'(u),u))+R(u). But R(u)is smooth and (Mg (x, D)u
— 7(F'(u),u)) = Qr(z, D)u belongs to N3t%. because of (B51). O

The remainder term p,, in (360) can be decomposed further to obtain a form of
paraproduct that matches closely the expansion ([B3I) for an elementary symbol
and emphasizes the symmetry between u and v. Set

(3.63) uw-v="T,v+T,u+ R(u,v),
where
(3.64a) T,v=> W 5(D)uy;(Dv,
i>1
(3.64b) R(u,v) = Ryv= > ¢(D)uth;j(D)v.
[k—jl<1

Note that both T}, and R, have symbols of the form discussed in Remark [3.19]
Precisely, T, is a symbol of “type” ¢1, while R, is of “type” ¢..

Here, qx; = Yu(D)u, if kK < j—2or j —1 < k < j + 1 respectively, and
zero otherwise (in the notation of Section B2). Therefore, whenever the gi;’s are
uniformly bounded in L, that is v € C?,
(3.65) Ry :Np,r— Ny

T p,q,r

. S S—€
T, : Np7q7 — N

T p,q,r

for all € > 0, as long as s > 0. In fact, a similar analysis shows that, if u € C; ",
w >0, T, and R, belong to the operator class OPS{‘J, so that

(3.66) 1Tl sz, < Clullgzliollyg,, Yo >0,
(3.67) |Ruvl g < Cllullomellellg, . YueR, s> p.

We can then extend the Moser estimates (3:54):
(3:680) lJu-vllyz < Ol
(3.68b) |ju- v

crellvllng, .+ llullng , vllere)s Yiu>0, 5> p,

p,q,r p,q,7
Hen/p < C(H’U,HN;Q' Ne ), ifs+£€>n/p.

P,q,7

Ny vl
For s = n/p, in particular,

(3.69) vl ypgpee < Cllullgg, ol g+ Ve >0,

which shows how close N, (/f r is to a Banach algebra.



1334 ANNA L. MAZZUCATO

4. EXTENSION TO MANIFOLDS

The aim of this section is to define the BM spaces on compact manifolds. In
hydrodynamics, boundary value problems are a rather natural setting. At the
same time, due to the incompressibility constraint, non-local effects are likely to
become relevant. Even when boundaries are not present, curvature terms may not
be negligible.

We will concentrate on the simplest case, that of a (smooth) compact manifold
M without boundary. We plan to address the question of manifolds with boundary
in future work.

It will be necessary to use pseudo-differential calculus both on BM and Morrey
spaces. Consequently, we are able to consider only the inhomogeneous spaces N , .,
qg> 1.

4.1. Main definition. A natural way to extend the definition of a function space
X from R™ to compact manifolds is by partitions of unity and coordinate charts.
Then any property that is localizable also extends. There are clearly two steps to
this process:
(1) given f € X(R™) and ¢ € C§°(R™), show ¢ - f € X(R");
(2) given a diffeomorphism y of R™, show that the topology of X (R") is invari-
ant under the action of y.

Here, as throughout the section, we implicitly identify a coordinate chart U on
M with its image in R™ and, consequently, x represents a certain coordinate trans-
formation. By refining the charts on M, if necessary, one can reduce to considering
a diffeomorphism that is linear outside a compact set K. In particular, the Jacobian
of the transformation |0x/0x| is bounded by some constant A > 0.

Notation 4.1. Since we are primarily concerned with the inhomogeneous space
N 4. here {15} >0 is a Littlewood-Paley partition of unity as in BIH), i.e., ¢; is
supported on the dyadic shell D; = { € R" | 2972 < |¢| < 27} for j > 0, but ) is
supported on the ball B(0,2).

Recall first how the Morrey spaces M}, 1 < ¢ < p < oo, are defined on manifolds.
It is enough to prove that MY is invariant under the action of x, since it is immediate
that the multiplication operator mg, where my f = ¢f, is bounded on M?. An easy
change of variable gives

0<R<1
zoER™

1/q
(41) ||X* Of”Mj;’ S Al/q sup Rn/l)—n/q </ |f(y)|q dy> ,
x(B(zo,R))
where x* is the pull-back on functions, ie., x* f(z) = f(x(z)). Even though
X(B(xo, R)) is not a ball in general, x(B(x, R)) is covered by a finite number N
of balls of radius R, where N is independent of x € R™ and R € (0, 1], since x is
linear outside K compact. Hence,

(4.2)

1/q
IX* 0 fllap < NAYS sup | Rr/pn/a (/ If(y)lqdy> <Clflar -
0<R<l B(zo,R)
zo

Definition 4.2. The space M}(M) is the set of all f € D'(M) such that, for every
coordinate patch U on M and ¢ € Cg°(U), ¢f € MP(R").
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Next, we proceed similarly in identifying N7  .(M). However, the situation is not
as straightforward, because the Littlewood-Paley theory does not carry over directly
to manifolds. Indeed, each v;(D) is inherently a non-local operator. Moreover, only
the principal symbol of a pseudo-differential operator is a well-defined covariant
object. We are forced to deal with asymptotic expansions and equivalence classes

of symbols.

Remark 4.3. Note that, obviously, M¥(M) ~ MB(M), if M is compact. On the
other hand, compactly-supported elements of N§7Q7T(R") and Nziq,r(Rn) do not
necessarily coincide. Take, for example, f = xp(0,1), the characteristic function of

the unit ball in R™. We can estimate its Morrey norm as follows. First,

$;(D) () = /B L2 = / d(z)dz,

B(x,27)

where 1 = 1)1. Since 1 is rapidly decreasing at infinity, the largest contribution to
195(D) fll pp comes from picking x = 0, so that

(43) 4D Iy ~C1 [ ) dal.
B(0,29)
Choose s negative. Then
1/r
(4.4) IAlIns, = [ D@ (D) )™ | + [o(D)fllaz
§>0
(4.5) <Cldolier | D277 + lvo(D) fllary < oo

7>0

On the other hand, if |s| > n the low-frequency part (j < 0) determines a divergent

contribution to the norm of NV;J, .. As a matter of fact, since ¥(0) = Jon ¥(&) d€ >

0, v is strictly positive on some neighborhood of the origin. E3) then gives

(4.6) [v5(D) fllagy > C 2711,

for j negative large enough (say j < jo), where the constant C' depends on n and
1, but not on j. Consequently,

1/r 1/r

D) g, > | @ D)l | >0 |30 (210m)

p,q,7
J<Jjo Jj<Jjo

But the last sum diverges, given the choice of s.
So, in principle, N, .(M) % N, .(M). One could try to use interpolation (cf.
Proposition [Z6]) to define the homogeneous spaces, but this is not a good working

definition, as we have seen already in Section 3.1

Let U be a coordinate patch on M and ¢ € C*(M) be supported on U. The
multiplication operator mgy is a pseudo-differential operator in OPS?,O. Therefore,
it is bounded on N, , .. by virtue of Proposition3.14, and we can restrict to functions
f supported on coordinate patches.
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The next necessary ingredient is to prove that the action of a diffeomorphism

preserves the topology of Ny .(R"). We have to estimate

127 115 (D) O™ )l aap ey e -
But, since x* maps MP(R") to itself, it is equivalent to showing instead that

(4.8) 127 " 5 (D)X gy Hler < Cx, 5,0, 0,7) [ f vy

par

The advantage is that the action by conjugation of a diffeomorphism on a pseudo-
differential operator (at least of type (1,d) with § < 1/2) can be treated using
Egorov’s theorem, and there is a complete asymptotic expansion of the resulting
symbol (see [Tay4] or [T¥] for a proof).

For convenience, we denote the symbol of x* 14, (D)x* with p;(z,&). The fol-
lowing expansion holds:

i . k
(4.9) P, ~ Y =D gy 62)| _ ~ Y@,
« ’ - k

where
(1.10) (. €.2) = vy (H (2 €) [ 2| T o(a.2)

| ez = e 2 | TG, 5] 77
with H(z, z) defined by
(4.11) x(z) = x(2) = H(z, 2)(z — 2),
and r§k> (z,€) is obtained by collecting all the terms in the expansion of the same
order, namely |a| = k. Since clearly H(z,z) = Jx/0z, which is non-zero by

hypothesis, H(z, z) is well-defined and smooth near the diagonal in R™ x R™. The
function ¢ is supported in a neighborhood of x = z and acts as a regularizing factor,
as H may not be defined everywhere. The error introduced in this way is a symbol
supported in (z,z) away from the diagonal; thus it is of order —oco and does not
contribute to the asymptotic expansion.

Note that, even though each term in ([E3) is the symbol of a smoothing operator,
its norm depends on j, while we want uniform estimates. Since v; is supported on
the shell D; where (£) ~ 27, it follows that {r§k) (x,€)}j>0 is bounded in S;g and
{27! r§-k> (2,6)}520 s O(217F) in S for 0 <1 < k.

Let us concentrate first on the principal symbol of p;(x,£). Write

@12 o= (5 @)+ @0 =@ + w0

t—1
Again, the &-support of 1; <g_X (z) {) can be covered by a finite number N, inde-
x

pendent of x, of shells D,,, as the Jacobian matrix 8_X is constant outside a compact
z

set. Therefore,

(4.13) i (g’; @ ) jiv %(

_] N

Q’|><

(@ ig) bn(€).
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0
But {¢; (—;( (x) §> }i>o is bounded in S?,. Accordingly, these symbols define
operators Q; that are uniformly bounded in N ., and
J+N J+N
(4.14) 1Qiflar < Y- N1Qi 0 vr(D)fllar <C > vbw(D) fllarg »
k=j—N k=j—N
with C' independent of j. Furthermore,
(4.15)
27 1Qj fllazz Hler < CIL D 2979 2%y (D) f g Hler < C NI fllw,., +
k=j—N

by the Young-Hausdorff inequality (cf. proof of Theorem [BIT]).

Next, we look at the residual term p§1). From (4.9),

(4.16) 1) (x,8) = Za& z; q] z, &, ) . +pg ( ,6)

= Tj (xvg) +pj (xvg) ’

with 2% p;Q)(x,g) bounded uniformly in j in S7 . rj(-l)

sum of terms of the form

(4.17) hj(z) gj(z,€)

with hj(z) uniformly bounded in L*° and g; smooth with compact support in
both z and &, uniformly bounded in 5(1),0' Moreover, since g; is basically either
279 (H (x,2) 7 1€)(27&) (i = 1,--- ,n) or 27995 (H(x, 2)"71€), estimates similar

to (13) apply. Hence, an analysis parallel to that of r§0)

(4.18) 127 |V (-, D) £l g }

Remark 4.4. Note that, when differentiating g;(z, £, z) with respect to z, factors of
&; are produced. However, they do not change estimates of the symbol for large 7,
since they always appear in the combination 277¢;, which is O(1).

can be written as a finite

can be carried out yielding

e <O flIng

P

Iterating this process takes care of any finite number of terms in the expansion
(ED). At the k-th step,

(4.19) pi(@. &)=Y P @e+p" (2,0,

1<k—1

where all the r§l) (z,€) share a form similar to (£I7) and satisfy an estimate similar

to ([@I8), while the remainder is such that {27 p;k) (x,€)}j>0 is bounded in Sﬁ)k
if 0 <1 < k. So, if k is large enough (k > max(s + 1,n/p + 2) for s > 0 and
k>n/p+2—sifs<0)and ! <max(s,0)+ 1, we have the following estimate:

k k k
2 1p§" (2, D) fllasg < 27" 1§ (2, D) fllze < 27195 (@, D) f gy

< Cl,p,qﬂ“ ”f”Nn/erl k- < Cl,p,q,r ||f||N

p,q,T

(4.20)

)
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by Sobolev embedding. (Recall L> C MP.) Then, choose | = max(s,0) +¢, 0 <
€ < 1 to obtain
1427 165" (. D) fllagg Hler < L2 11957 (@, D) gy}
(4.21) < IH2™ T e 142" 195" . D) fllaag Hler
< Copar ||f||NM :
(ER) now follows from (Z1H), (EI8), and E2T).

Definition 4.5. A distribution f on M belongs to NS (M) if, for every coordinate

e

pia;T
patch U on M and ¢ € Cg°(U), ¢f € Ny, .(R"). Then, we set for each f €
N;,q,T(M):
(4.22) I fllws ) = {S;)lp}{z Paflln:, &},

o e

where the supremum is taken over all possible representations of f in terms of
partitions of unity {¢a} supported on coordinate patches U,.

4.2. Equivalent norms. When considering spaces on manifolds, it is useful to
work in a covariant setting. Clearly, the operator D = (1/i)0 cannot be used. A
covariantly defined operator that is intimately related to the geometry of a manifold
is the Laplace operator A. It is, therefore, natural to try to define the topology of
N, ,+(M) in terms of functions of Vv/—A, an operator of order one such as D.

As before, we assume that M is smooth, compact, without boundary. We assume
further that M is Riemannian with metric g = [g;;]. We shall write A, for the

Laplace operator associated to the metric g, i.e.,
(4.23) A, = (det g)71/20;¢7" (det g)'/20y,,

while A still denotes the Euclidean Laplacian, and we will identify A, with its local
representation on R™ via a coordinate system.

Families of operators of the form p(d\/—Ay), where p is an even, rapidly de-
creasing function, and § € (0, 1], are called approzimate identities if p(§) = 1 in a
neighborhood of the origin. They have several applications to the theory of partial
differential equations on manifolds (see [ST], for example).

Remark 4.6. Let {1} be the Littlewood-Paley partition of unity used in Sectiond.1]
Recall that, by construction, 1; = 1(277 &) for j > 0, where ¥ = v;. In particular,
there is no loss of generality in assuming that ¢ is radial, i.e., ¥(§) = QZJ(|£|) for
some function 1/; on R. With abuse of notation, we identify v with . Then, v
corresponds to p above and 277 to 4.

The main result of this section is the following theorem.

Theorem 4.7. Let s € R, 1 < ¢ < p < oo, r € [1,00]. Let {¢;}, 7 > 0, be
a Littlewood-Paley partition of unity. Then, an equivalent norm in Ny , (M) is
given by

(4.21) 115, an = 1427 195 (V=89 fllagg )

Intuitively, (£24) is true, because the principal symbol of ¥;(\/—A,) still be-
haves like a bump function with a “shell-like” support, even though this support is
now deformed by the non-Euclidean metric.

or .
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We follow Schrader and Taylor [ST] in part, but our derivation is admittedly very
similar to that of Seeger and Sogge [SeSd| for Besov and Triebel-Lizorkin spaces.
However, their argument is simplified owing to the nice properties of LP spaces.
In particular, they can reduce to considering a C'*° function and do not have to
bound remainder terms. On the other hand, smooth functions are not dense in BM
spaces.

The core of the proof again consists of deriving careful pseudo-differential esti-
mates. Unfortunately, operators on manifolds correspond to equivalence classes of
symbols, as already mentioned. Hence, we must deal with infinite expansions at
each step.

We use the following asymptotic expansion derived in [ST]:

(4.25) a(p(6/=Ag)) ~ Y 6% pPR(61¢l.) pr(x, 5€) .

k>0

Here, pi(z, 5€) is a classical symbol of order k, p(?*) is the 2k-th derivative of p with
respect to its argument, and [{[, = (3, ; g (x)&;€;)/? is the norm of the covector
(z,€) in the cotangent bundle T*(M).

The expansion above is obtained by formally writing p(6v/—A) in terms of its
cosine transform (p is an even function)

426) o0V EYule) = 3y [ ) cosley/ B uta) .

where ps(7) = p(6 7). Recall that cos(ty/—2A,) is (half of) the propagator for the
wave equation and, consequently, its kernel satisfies the finite propagation speed
property. It follows that the Schwartz kernel of p(6/—A,) is rapidly decreasing,
as § — 0, outside an arbitrarily small region around the diagonal in M x M.
Therefore, one can limit integration in (@28]) to |t| < To, Tp small, by localizing gs
to a neighborhood of the origin, the error being a smoothing operator that is rapidly
decreasing in § and, thus, negligible. Moreover, one can work in local coordinates.

In this situation, it is convenient to use geometrical optics methods and station-
ary phase approximation, which leads to ([£25). In particular, the appearance of
only even-order derivatives is due to an extra symmetry that the phase functions
and amplitudes possess.

To proceed with the proof of the theorem, we first restrict to a coordinate patch
U, which amounts to proving

427) {27 s (V=29 () laez any e < C 127 13(V/=2g) fllarz ay}

for all ¢ € C§°(U). Since the multiplication operator mg € OPSY , clearly,

(4.28) {27 lo(5 (/= 2g) I)llazz (ay Hler < CIH{27 15(v/=Dg) fllaapany Hler -
Then we switch the order of the product and attempt to bound the commutator
[¢;(/—Ag4), me] appropriately. Alternatively, notice that mg and ¢;(y/—A4,) are
both selfadjoint with respect to g (¢ can always be chosen to be real). Therefore,
05 (/= B) 0 ms = (mg 0 Uy (\/=By))".

If p(x, D) is a pseudo-differential operator with symbol p(z, £), there is an explicit
integral expression for the action of p(z, D)* in local coordinates:

@2) oD@ =g [ e e e ayae,

o
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where the integration must be performed in the given order (or else consider the
Fourier Transform acting on distributions). Here, p(y,£)* is not a symbol in the
usual sense. These more general objects are sometimes called amplitudes and are
very useful in treating adjoints and products of pseudo-differential operators (see
[Tr] and [Tay4], for example). Therefore, we can rewrite 1;(1/—A4) o mg f(x) as

(mg 0 ¥j(v/=Ag))" f(2)

)1
asy e L L om0 (T ) Fl) e e

(271r)n / / Ca(ms 0w (V/=89))(,€) F(y) "7 dyde,

because the symbols are all real.

Remark 4.8. In general, the symbol of the product ¢(x,D) of two operators
p;j(X,D), j =1, 2, is given by an infinite expression of the form

il
(4.31) a(@.&) ~ Y = DEpi(@,€) Dipa(e,€).

la|>0
By contrast, g(z,£) becomes simply the product of the symbols, whenever p;(z, &)
is actually independent of £ or pa(z, ) is independent of z.

In particular, since o(mgy)(z,§) = ¢(x) does not depend on &,

(4.32) a(mg o1 (\/=8g))(, ) = d(y) o (1 (/=Ag)) (¥, ) -

So finally, after identifying f and ¢ with their expression in local coordinates,

i (V/—Ag) o mg fllare

— o [ 0ot (VBN 06 1) e

< ﬁ 16l 195 (v/=Bg) Fllasz

which proves ([f27).
We split the proof of Theorem (£7) into two distinct parts. Let A be the

operatorE obtained by transporting \/—A, to R™.

Lemma 4.9. Let s e R, 1 < ¢ < p < o0, r € [1,00]. For every f € E'(R™), there
exists a constant C = C(s,p,q,r) such that

(4.33) 127 1145 (A) fll gz ooy Hler < C {272 M1905(D) £l g ey Hler -

Proof. The proof uses arguments very similar to those in Section Bl In fact, the
expansion ([£.2H]) is basically of the same type as (£3)) if we set § = 277 and replace
p with ; that is,

(4.34) o2 A) ~ 32 2 p(e,2706)
k>0

with pg a classical symbol of order k. Once again, note that differentiating with
respect to & produces powers of 277 while differentiating with respect to = does not
change the asymptotic behavior as j — oo, because these are all symbols of type

L1 This operator is clearly not uniquely determined.
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(1,0) and 277 appears in combination with £. Therefore, the term of order k in
(E34)) is uniformly bounded in S;g, with respect to j, and O(27(=2k)) in Siékil)
for 0 <[ < k. To prove the lemma, it is then enough to show that each term in the
above expansion is a compactly-supported function and that the &-support is still
essentially a dyadic shell.

We can assume that g% is the identity outside a compact set in R”. The usual
argument shows that Supp{t?*)(277(¢|,)} is covered by a fized number of shells
D, so that again, as in (£13)), one writes

I+N

(4.35) PR IEL)pr(@,277) = Y PR (@7 |Eu)pr(x, 2778 di(€)

j=I-N
with N independent of x and j.
Let @4, be the operator with symbol YR (279 |€|,)pr(2,277€). Then, an analysis

parallel to ([@I4) and (£I9) yields
(4.36) 127 1Q4 Fllazz Hler < C(s,p,0,7) |1 fl|vs

P,

Again, we obtain a bound on any finite number of terms in the expansion (£.34). To
conclude the proof, it is therefore sufficient to show that the norm of the remainder
is weak enough, i.e., we set

(437)  o(p@7A)) = Y 27F PRI, pr(w,2778) + rp(,€,277),

0<k<L-1
and we prove that
(4.38) 1{27% Ir (2, D, 279) fllagg Hler < Csopoa.7, L) || fllng, , »
for L large enough. But, since 27% r(z,£,277) is O(2/(+1=2L)) in S{’_OL for0 <1<
L, (@3]) follows from estimates similar to (Z20) and (Z21]). O

The opposite inequality is more complex. Informally, it is true because the
principal symbol of ¥(277\/—Ay), ¥(277 [£]), enjoys properties similar to those of
$(277¢). However, a careful analysis of the terms of lower order is necessary.

Lemma 4.10. Under the hypotheses of Lemma [{.9, it also follows that
(4.39) 1{27% 19 (D) fllap ey Hler < C N2 1905(A) fllaap emy Hler -

Proof. The basic idea is somehow to “reverse” (@&35)). For each fixed z, {v;(|¢|+)}
is a partition of unity. Therefore,

I=j+N(z)

(4.40) €)= Y &) villElz)-

l=j—N(z)

In principle, N (z) varies with x € R™. However, since the metric g¥/ is the identity
outside a compact set, an argument similar to that leading to (£13)) shows N(z) <
N for some fixed number N. We would then like to replace symbols by operators and
use uniform estimates on the norm of ¢;(D). Using the notation introduced in the
previous lemma, let us call Q) the operator whose symbol is ¥ (|¢|.). Unfortunately,
i (€)Y (|€2) is not the symbol of the product 1;(D) o Q), but one can get around
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this problem again by using amplitudes instead of symbols. Since 3;(D) is self-
adjoint (with respect to the Euclidean metric on R™), one deduces similarly to
(E30):

45(0) Q1) = @f o45(D)" /(5
(4.41) 27T // D))(y, &) €' “YE f(y) dy dé
~a /. Rn%@ QY )(0.) =€ Fy)dy

where the last line follows from (3T)), this time because the symbol of ¢, (D) is
independent of x. Moreover,

a(Q5)(y:€) ~ tu([€ly)
up to a residualj ri(x,€), which is O(27") in 9,
Using (40) and (A1) along with the above result, we finally get
. _ ! (€) eiE—v)E
GO = g [ [ 0O ) dyde
I=j+N
>
I=j—N
=N .
> o L[ O E@) 0.6 ) fly) dyde
I=j—N m SR

= ¥j(D) 0 Qo f(z) — ¥§(D) o 7y (z, D) f(z).

By (£34) replacing Q) with t;(A) introduces additional lower-order terms. In any
case, we have

GO illela) €T f ) dyd

I=j+N
(4.42) 105(D) fllag <Y We(A) fllaze + IR D,277) fllage »
l=j—N
as ¥;(D) is bounded uniformly in j in OPS? 0> Where R! is obtained by collecting
all the terms of lower order. Note that R!(x, &, 277) still has compact support essen-
tially “centered” around the support of 1;(|¢|) and, as before, {2/ R'(z,£,277)} ;>0
is bounded in S7 . Hence, the same analysis performed in (ZZ40) through (E22)
can be carried out here. There is a small complication, namely R!(x,&,279)y;(|€].)
is not the symbol of the product of the operators R!(x, D,277) and Q} no matter
what the order of the product is; so the equivalent of (IZEII) is true mod Sl,o But
the error contributes only to the calculation at the next order.
After L steps, we obtain the following estimate:
l=j+MLr ‘
(4.43) 195 (D) fllagg < Y lwe(A) fllage + IR¥(, D, 277) fllage
l_] ML
where M, depends on L, but not on j, and R*(z,¢,277) is O(277L) in 57
in the previous lemma, it is enough to establish that the norm of the residual is
sufficiently weak to conclude the proof.

21t is precisely 3|50 (i!%!/a!) De Dy (27! [€]2).
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First, we show that [|[R"(-, D,277) f|| yz is weaker than a Sobolev norm with an
appropriate large negative index. Sobolev norms are a natural choice, because (£)
has roughly size 27 on Supp Ry,

Now, RI(z,D,279)f € S, since R¥(x,D,277) is smoothing and f € &’; so
Holder’s inequality gives

(4.44)
IREC D27 flagg < sup [RP7=/9ol(Blao, R)M* | R D.27) 1|
0<R<1
IOER”

with m > ¢ and t = mgq/(m — ¢). If, in addition, m is chosen greater than p, then
n/p—n/q+n/t=n/p—n/q+n/qg—n/m=mn/p—n/m >0, and [@44) becomes
simply

(4.45) IRE( D, 279) flp < Cn,m)||R*(-, D, 277) ]
since Vol(B(zo, R)) ~ R™.
Recall that {27% R*(z,£,277)} is bounded in S?, so that
IR*(-, D,277) fllm = |Fg (R*(6,277) )l
~ 17T R €,270) |

Lm 3

LTIL
(4.46) ~ |2 RE(, D, 279) (I — A)*F fl|m
<C27|(I = D)L f|pm
=027 | fllyo-r

where H2~ L is the L™-based Sobolev space of order o — L. We select « such that
|s] < a < |s| +1, and obtain

(4.47) {27 IR (-, D,279) fllagg ler < CH2E ™Y er 1 f | o -
It remains to show that
(4.48) 11l gz < C {27 15 (D) fllagg Hler -
But (see [Tayl], for example)
o0 ZL B
@4 Wl ~ | [ (AP0 o
\=

Then pick L > 2|s| +1+n(1/qg—1/m):

fllyarz <C C 9j(a—L) Vi (D)f
(450 I 11 g, ; 145 (D)f]

< C|itertrtmamtimy| e j|{29s e g (D) fl| e e

Lm

by the triangle and Hélder’s inequalities. Finally, since ¢;(D) f is rapidly decreasing

and m > p > q, by Berstein’s inequality

g=in(/a=1/m)|1y. (D) f| rm@n) < ClYi(D) fllLawny < C Y (D) fll e mmy
< CllY; (D) fll g ) -

The lemma now follows from (@Z3)). O

(4.51)



1344 ANNA L. MAZZUCATO

To show that the L7-norm is comparable to the Morrey norm in M{ for a rapidly
decreasing function g, pick a ball of large radius around the origin, say B(0, K),
where the radius is so big that ||g||La(B(0,k)<) is smaller than any given e. Then,
cover B(0, K) with a finite number of balls of given radius R € (0, 1). Recall that,
in general, g € M? is only locally in L?. Note also that, in the case of g = ¢;(D)f,
because QLj are concentrated on balls of shrinking size, the radius K can be taken
to be independent of j, yielding uniform estimates.

Remark 4.11. As observed in [SeSo], one can replace \/—A, in (£24) with any
first-order elliptic (classical) pseudo-differential operator P that is positive and
selfadjoint on L2(M).

We conclude this section with one final intrinsic characterization of BM spaces.
Recall N2 (R™) can be characterized as a real interpolation space (Proposition

m): p,q,T
(4.52) NS, (R") = ((1 — A)TH2 MP(R™), (T — A) 2/ M;(Rn))

p,q,T )

It is reasonable to expect a similar property will hold for N, .(M), given its def-
inition in terms of local charts. Observe that we can form the interpolation space
(I = Ag)=/2 ME(M), (I — Ag)=2/2 MP(M)), . Tt is only a matter of recogniz-

ing this space appropriately.
Proposition 4.12. For s e R, r € [1,00] and 1 < ¢ < p < o0,

(453)  Njg (M) = ((I=A0) 72 ME(M), (I = )~/ MP(M))

P 0
where s1 # s2, 0 € (0,1), and s = (1 — 0)s; + 0 s2.

Proof. Suppose first f € Nj ,.(M). Because of Definition EL5] identifying f with
its local image, we can assume that f € NS7Q7T(R”) is compactly supported. So,

by (E52) we can write f as a sum of two functions f;(t) € (I — A)=%i/2 MP(R"),
j=1,2,t€0,00), and

458 W, = s S ML O a2z g
f17f2)j:172

L7

where the supremum is over all possible representations of f with (; real numbers
such that (1 (1 —6)+ (20 = 0 (see [Triebl], p. 35). Since this representation actually
characterizes real interpolation spaces, it is enough to show that (Z54]) gives equiv-
alent norms for different choices of coordinate systems on M. In fact, (I — A) can
be replaced by (I —A,), because the operator obtained by transporting A, to R™ is
still elliptic and negative-definite. But, clearly the topology of (I —A)~%i/? MP(R™)
is invariant under the action of a diffeomorphism x in the same way as M? is.
The reverse inclusion follows immediately from ([52) by means of partitions of
unity, because of Definitions and [£0. O

5. APPLICATIONS TO SEMI-LINEAR PARABOLIC EQUATIONS

In [KY], Kozono and Yamazaki studied solutions to a class of semi-linear para-
bolic equations with initial data in certain BM spaces on R™. This class includes
the Navier-Stokes equation (NS for short).
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Independently, Cannone [Can| developed the notion of adapted spaces for NS,
combining Littlewood-Paley theory with Bony’s paraproduct. This concept gives
a rather general criterion under which existence and uniqueness can be established
by simple contraction mapping or Picard iteration. Then, Karch [Kr| pushed Can-
none’s approach further, in a more abstract setting, by introducing the spaces BE®.

In this section, we compare and generalize these apparently different results,
using the material previously developed. In particular, all the conclusions obtained
in [KY] can be recovered from the more general theory of adapted and BE® spaces.
We also study the same class of equations on compact manifolds. As pointed out
by Ebin and Marsden [EM], the Navier-Stokes equation must be modified to take
curvature into account. Sections [B.1] - [£.3] recall known results and Sections [5.4] -
present new results.

5.1. Background. Semi-linear parabolic equations on R™ can be fundamentally
treated using methods for ordinary differential equations. In particular, an Initial
Value Problem (IVP for short) can be recast in the form of an integral equation
with coefficients in a Banach space. This formulation suggests using fixed-point
theorems.

Let A be a positive semi-definite operator on a Banach space X, such that —A
generates a C° semigroup U(t), t > 0, on X. Consider the following IVP:

(5.1) us + Au = F(u), u(0) =a,

where F : [0,T] x O — X is continuous, O is an open subset of X, and a € X. We
use the notation u(t)(x) = u(t,z), z € X.

Example 5.1. Take A = —A, F(u) = Pdiviu®u), X = L?, O = H%, s > 5/2,
n=3. Then ([&I) is the classical formulation of NS (see Section [53).

In this abstract setting, boundary conditions or decay at infinity for unbounded
domains are implicit in the choice of the function space X.

Definition 5.2. A function v € C([0,T], X) that satisfies the integral equation
t
(5.2) u(t) =U(t)a —l—/ Ut —s)F(u(s))ds, 0<t<T,
0

is called a mild solution to (B1I).

In general, the integral formulation is weaker than the initial IVP, because we
only need U(t—-)F(u(-) € L'([0,T], X). This is especially true if U(t) has smooth-
ing properties as in the heat semigroup. However, if F' is Lipschitz, X is reflexive,
and a € D(A), then any mild solution to (52)) is actually a strong solution to (EI)).
Moreover, it is a theorem of J. M. Ball that, in this case, every weak solution is
unique and it is, in fact, a mild solution (see [Pal).

Unfortunately, this result does not help in establishing uniqueness of Leray-Hopf
solutions for NS, since we do not know if F' is globally Lipschitz. But it motivates
looking for mild solutions for “rough” initial data, even when the data do not belong
to L? by means of splitting techniques (see, for example, [Lio]).

Note that the heat semigroup is not strongly continuous in these spaces. Hence,
not all mild solutions are also strong solutions, and the initial value is attained only
in a weak sense, which will be made precise.

Typically, the data are distributions taken from a scale of spaces and there exists
a range of indices bounded from below for which the Banach contraction theorem
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applies to the integral equation, yielding local-in-time, unique solutions. The lower
bound corresponds to the so-called limit spaces, characterized by invariance of the
norm under the natural scaling of the corresponding equation. In this case, it is
necessary to impose an extra “smallness” condition on the initial data and (global)
existence is then obtained by direct analysis of Picard iterates. But uniqueness
holds only in an appropriate subspace of the solution space.

There is an extensive literaturd"] on the Navier-Stokes equation with initial data
in L? (e.g. [FK], [Kal]) and Morrey Spaces (e.g. [Fe], [Ka2], [Ka3|, [GM], [GMOI,
[Tay3]). Hydrodynamics in Morrey spaces is interesting for several reasons. For
example, the theory extends to include Radon measures p € MP | which can model
vorticity supported on singular sets of R™, e.g. vortex rings and vortex sheets. Also,
in the specific context of adapted spaces, we have the following result (in dimension
n = 3).

Proposition 5.3 ([LMR]). Suppose E is an adapted space to NS such that
(1) E— L?

loc?

(2) for all A >0, the dilation f — fx is continuous on E.
Then E «— M3 and lim;_o v/ ||e*® ||z~ = 0.

Recall that an adapted space E is characterized by the property

(5.3) 45 (D)Y(f 9z < nsllfllz llglle Vj € Z,
where
(5.4) ZQ‘U‘ n; < 00.

JEZ

The above conditions ensure that the right-hand side of (5.2)) defines a Lipschitz
map locally-in-time and, hence, that a short-time, unique solution to NS exists.

Consequently, analysis in adapted spaces actually concerns regularity results,
once existence of solutions in Morrey spaces is established.

As we remarked in the Introduction, choosing BM spaces, which are of Besov-
type, over Morrey spaces has additional advantages. First of all, there is a better
pseudo-differential and para-differential calculus, especially with respect to point-
wise multiplication. Secondly, BM spaces of negative index contain distributions
more singular than Radon measures. For example, p.v.(1/z) € N7, o (R), so that

(0,...,0,p.v.(1/x1)) e N | (R™) C N;Z/)I/);;O(R") as long as p > n (see [KY], p.
969). Note that Theorem below applies with a(z) =6 (0,...,0,p.v.(1/z1)) as
initial data, provided ¢ is sufficiently small.

As mentioned in Section[2.2] Koch and Tataru have proved existence and unique-

ness of global solutions with data small in BMO™!. Their result does not include
Theorem .12 entirely, as one can take data small in NP

100 » a8 long as p >n, and
N‘x:{f)il ¢ BMO™! (see also [CX]).

[e.¢]
In [KY], Kozono and Yamazaki focus on scalar perturbation of the heat equa-

tions, and the Navier-Stokes equation. However, at least as far as existence and
uniqueness are concerned, the proof applies to systems of equations, as long as the
non-linear part satisfies certain homogeneity constraints.

We first recall Kozono and Yamazaki’s results and then discuss some generaliza-
tions.

L3For an overview of recent results we refer to [Ya).
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5.2. Semi-linear heat equations. We consider the Initial Value Problem:

{ dyu(t, ) = Au(t,z) + f(u(t,z)),

(55) u(0,) = alz)

where u : (0,+00) x R" — C and f : C — C. We assume that f is a locally
Lipschitz function satisfying

(5.6) [f(2) = F(w)] < Clz —w| (L + ]2~ + w71,

for some v > 1. Equations of this form arise, for example, in mathematical biology
and control theory [Wu.
One of the main results in [KY] is the following theorem.

Theorem 5.4 ([KY]). Suppose that f satisfies (58) and assume p, q, s are numbers
such that

7<q<p,
n(7_1)<2pa
—2/y<s<0,
s>n/p—=2/(y—1).

Then, there exist 6, K > 0 such that for every a € N , . satisfying

(5.8) limsup 29° [ (D)alary < 5.

J—00

(5.7)

there are T > 0 and a mild solution u(t,z) of [EH) on [0,T) X R™ such that
(1) supgercr t™/% |lult, )y < K,
(2) u(t,-) — ain the weak-x topology of Bf,;&/p (as dual of B?_/lp_s),
t—0 ’
(3) ue L>((0,T),Np 4.r);
(4) u(t,x) is continuously differentiable in t and twice continuously differen-

tiable in x on (0,T) x R™.

Above, T is the time of existence of the solution, which is not maximal in general.
The condition imposed on a (the “smallness” of the initial data hinted at before) is
fundamentally a bound on an appropriate auxiliary norm, as will become clear in
the course of the proof. It controls the local singularity of a (recall s is negative).
It follows from a theorem of F. Weissler [We| that, because N, ép 207D contains
the Lorentz space L™(Y~1)/2:% for the range of indices above, this extra hypothesis
cannot be eliminated (see [KY], pp. 991-992). However, it is redundant for s >
n/p—2/(y—1), as we will show later.

Remark 5.5. (B.8) is also the analogue of the condition a € M7 in Theorem 4.3 of

[Tay3|, where M7 is the set of functions u for which

Vpq(u) = lirélsblp R™P="9 || pa(g(o,my) = 0.

Note further that, if u(t,z) is a solution to the problem (5.3), then, for each
positive A, A2/ (=D (A2, Az) is also a solution. So, the norm of the homogeneous

space Np (/1310702/ =1 g exactly the one invariant under such scaling, that is, this
space is a limit space and n/p — 2/(y — 1) is the critical index. Accordingly, one
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does not expect a simple contraction mapping argument to hold and the Picard
iteration must be inspected directly.

We sketch the proof of the theorem, since similar arguments will be used later.
The main tool consists of the following estimates on the heat semigroup.

Lemma 5.6 ([KY]). Let { > s and 1 < g <p < oo. Then

(5.9a) le®ullye < C A+t Jullys,
(5.9b) le@ullye. < OO0 |ully; .

If £ > s, then also |

(5.10a) le'ullng,, < CA+E=2) ullg , ..,
(5.10D) e ullpe < CtE 2 fullny,

The lemma is an easy consequence of the results of Section Bl

Lemma 5.7 ([KY]). Suppose that 1 < ¢ < p < oo and £ > s. Then there exists a
positive constant A = A(p, q, s,0) such that, for every u € N3 and every B such

54,00
that
(5.11) A lim sup 27¢ 19 (D)ullap < B,
j—00
there is T > 0 for which
(5.12) sup =972 ||etPy|| e < B.
0<t<T .1

A (modified) proof is given in Section[5.3], in the context of compact manifolds.
The integral equation associated to (BH) is

(5.13) u(t) = e'®a + /0 BB flu(r, ) dr = N(u)(t).

The non-linear map N is formally defined by (&I3)). In principle, it should act on

the space C([0,T], N, , ) of continuous functions from [0, 7] to N, ... However,
as noted before, e*® is not strongly continuous on N, 4.00- Therefore, the integral

in the equation above must be interpreted as an improper integral, instead of as a
well-defined Bochner integral. Likewise, the initial value is attained only in a weak
sense; how weak is precisely the content of Part 2] in Theorem (.41

Picard iterates are defined, as usual, by

uo(t,z) = e®a(x),

ui(t,z) = etAa(x) —|—/ elt=7)Aa flug(r,x))dr,
0
(5.14)

upii(t,2) = eale) + / I () dr
0

Let also v; = uj —uj_1.

Next, we obtain bounds on the non-linear part of (513)), using (5.6) and inclusion
relations for Morrey spaces under pointwise multiplication.

Since N, C MP, in view of Lemma B we introduce an auxiliary function
space.
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Definition 5.8. Let A = Ar be the space of measurable functions u on (0,T) x R™
such that

(5.15) lulla= sup £~/ |Ju(t, )|l < 0.
0<t<T

For s, p, ¢ satisfying (57), A is a functional Banach space. Note that, if u(t) =
e!®a, up to a scaling factor, depending on T, (5I5) is nothing but the equivalent
norm in N . given by Proposition [2.221

Then, set A; = |lu;|la, Bj = ||vj]a-

Lemma 5.9 ([KY]). (1) Under the hypotheses of Theorem[5.4), there exists Cy > 0,

independent of a, and a time T < 1 such that
(516) Ay < Cyo .

oreover, there exists C1 > 0 independent o such that, V3 > 0,
2) M h C 0 ind d f T h that, ¥j > 0
(5.17) Aji1 < Ag+ Cr(A) +T—/2).

Part [5.9] follows immediately from Lemma [5.7 and the inclusion NS, a1 C M 5) .
Part B9 is, instead, a consequence of Lemma [5.6] and the Lipschitz condition (5.6)
on f by means of the inclusion NZ/(;’;%/%) C Ng,q,l C MP. The details of the proof
are in [KY].

The lemma implies, in particular, that the sequence {A;} is bounded. As a
matter of fact, for T small enough, A, < ClAJV- +2C0. Set gs(x) = 2Ch0+Cha”.
Then g5 has a unique fixed point as with as > Cpd > Ag. Furthermore, as < ws =
2Cyvd /(v — 1), which gives A; < w; for all j.

An estimate similar to (5I7) can be obtained for B;, using again (5.6) and the
bound on A;.

Lemma 5.10 ([KY]). There exists Co independent of T < 1 such that the inequality
(5.18) Bj1 <GB (w(a)~ + 7072
holds ¥j > 0.

At this point, convergence of the series ) i Bj follows easily for § and T suf-
ficiently small, which is in turn enough to show {u;} is a Cauchy sequence in
A. The limit u is clearly a solution to (EI3). Additionally, A; — |lul|4 so that
lulla < ws = K. Part (@) of Theorem EA4lis now established.

Part @) of Theorem E4l is a consequence of the inclusion

(5.19) MPC N, . CBE.

In a fashion similar to the proof of Lemma B9, it ensues that
¢
ueA=v= / elt=m)A fu(r,-))dr € C’([O,T),Bi;ggp) ,
0

where B, 20/” is given the weak-* topology as dual of Bﬁ/lp ~°. As pointed out by

tAq and a fluctuation v,

Cannone [Can], the solution is composed of a trend w = e
which is more oscillating and better behaved for t — 07.
Part B) of Theorem B4l is an immediate consequence of Lemmas [B.7] and B9

while part (@) is a standard regularity argument. We refer to [KY] for details.
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It remains to prove uniqueness.

Proposition 5.11 (KY). Let f, p, ¢, s, v satisfy the hypotheses of Theorem [5..
Then, for every T € (0,00] and every a € S', there is at most one solution u of
E3) on (0,T) x R™ such that

(1) ue L2((0,T), Niy ) VA7 if T < T,
(2) limsupg_,q ||UHAT, <K,
(

3) ult,- in S'.
) u( )t3+azn

Proof. Suppose that u; and uy are both solutions to (5.13). Tt is clearly enough to
show that the two solutions agree on a small interval [0,7”). The trends w; and
ws solve the same IVP for the heat equation in &', hence they agree. Next, set
0 =wv1 —vy and H(T") = ||0||a,,. H(T") satisfies the inequality

(5.20)

y—1
HIT) <G |23 < sup 0 ||uj(t,->||Mg) L@y a2 e

joTo \O<t<T’
—

< 02 (K'y—l + (T/)s(l—'y)/Q) H(T/)

|~

But Cy K7~ ! is small for 7" small enough given the definition of ws and Lemma
B Hence H(T') = 0. O

When s = n/p—2/(y—1), as emphasized earlier, the norm of N;J is invariant
under rescaling. Therefore, one would expect global-in-time existence to hold for
this limit case, in particular, in the form of self-similar solutions [KYZ2]. However,
in order to exploit the action of time dilations, a homogeneity constraint needs to
be imposed on f.

Assume, then, that f satisfies

(5.21) 1f(2) = f(w)| < Clz —w| (|27 + w7,
and f(0) = 0, which, in particular, implies
(5.22) [f(2) < Cle[".

This choice gives bounds similar to (&I7) and (B-I8)) that are actually independent
of T. In addition, (E7) becomes

vy>1+2/n,
(5.23) Y<q<p,
n(y—1)<2p<ny(y-—1).

Now take the initial data a € Njp7P? ™" such that lall \rmzpz2r-n < do s
small enough. This condition is stronger than (5.8]), which is only local. Indeed, the
extra control on the behavior at large scales is required for the bootstrap argument
in time. However, it is not known if it is necessary for existence of global solutions.

Introduce again the space A, defined here as the collection of all u such that

(5.24) ol = sup#=/2 u(t, Yy < 00
>



BESOV-MORREY SPACES 1351

We have the analogs of Lemma [5.9 and Lemma [5. 10k

(525&) Ao § 03(5,
(525b) AjJrl < Ag+ C4A;/ ,
(5.250) Bj+1 S C’5w(5)7_1 Bj 5

with w(d) = C376/(y — 1) for § € [0,00]. As before, (5.25al) and (5.25h) give
uniform bounds on the A;, while (3.25d) implies convergence of the series 3, B;.
Uniqueness then follows from Proposition G111

5.3. The Navier-Stokes equation. We consider, now, an Initial Value Problem
for the Navier-Stokes system on R™:

Owu(t, ) = Au(t,x) —u - Vu(t,z) — Vp(t,z) + f(t,x),
(5.26) divu(t,z) =0,
u(0,2) = a(x).

This is a system of n+ 1 equations in the unknown u (the velocity vector field) and p
(the pressure scalar field). The initial data a is assumed to be divergence-free and f
represents body forces. The first equation is basically conservation of momentum,
or Newton’s second law, and the second, the continuity equation, is conservation of
mass[

The density p and the viscosity coefficient v do not appear in the equations,
since they are constant and are conventionally set equal to one. As a matter of
fact, the methods employed here rely heavily on the smoothing action on the heat
semigroup and they are valid only for strictly positive v.

In order to rewrite (526]) in integral form, we are going to make some further
(mild) assumptions. First of all, if the forces are conservative and admit a potential
g, f = Vg can be absorbed in the pressure term. Secondly, from a physical point
of view, the role of the pressure is to enforce incompressibility. Mathematically,
the Hodge decomposition ensures that gradients are orthogonal to divergence-free
vector fields. Thus P(Vp) = 0, where PP is the so-called Leray projection onto the
space of divergence-free vector fields, at least when p is sufficiently regular. Finally,
note that v - Vu = div(u ® u) if divu = 0. This last expression is more appropriate
when dealing with distributions.

Therefore, (5.26]) reduces to

Opu(t,x) = Au(t,z) — Pdiv(u @ u) (¢, x),
(5.27) { u(0,2) = a(x).

The original system is now in the form of a single (vector) semi-linear parabolic
equation.

The non-linear part of (B.27) is the product of a first-order (non-local) operator
P, and a bilinear form Q:

(5.28) Pdiv(u ® u) = P Q(u,u).

In particular, it has a scaling factor v = 3 (in the notation of the previous section);

consequently, one expects to have local-in-time solutions for initial data in N , .,

MFor a derivation of these equations we refer to [ChM].
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s > n/p— 1, and global-in-time solutions for initial data in A, éﬁ;l. Kozono and

Yamazaki consider the limit case in [KY].

Theorem 5.12 ([KY]). Let 1 < ¢ < p < oo and p > n. Then, there exist §, K > 0
such that, for every a € N;{ﬁ;l satisfying
limsup;_, o 27?1V ||4p5(D)al|pp < 6,
diva(z) =0,

there are T > 0 and a mild solution u(t,x) of [B2T) on [0,T) x R™ such that

(1) SUPg < $1/2-n/4p [|u(t, )||M22§ <K,

(2) u(t,-) — ain the weak-x topology of Bxls, (as dual of Bi;),

o ; .

(5.29)

(3) uwe L>((0,T), Npibsh),
(4) u € C®((0,T) x R?).

As in the previous section, we look for solutions of the corresponding integral
equation

(5.30) u(t) = e'®a — /O t AP div(u @ u)(1) dr = N(u)(t) .

Along with Lemma[5.6]and Lemmal[5.7] one needs estimates for the non-linear part.
The lemma below is a simple consequence of (528) and Proposition B4
Lemma 5.13. Let 1 < g <p < .
(1) Ifu,ve MQQ;’, then PQ(u,v) € N, i ., with
(5.31) 1PQ(u, v) |y

o< Clull ol
2) If u, v € M?2, then POQ(u,v) € N} with
2q

p,q,00
(5.32) PO, )l

p,q,0

< C llullpgzs 10l pgzs -

Again, it is necessary to introduce an auxiliary space. Given (@31]) and (532,
there is a natural candidate.

Definition 5.14. Let G = Gr be the space of measurable functions u on (0,T) x R™
such that

(5.33) ullg = Oiltlthl/Q—”/“P llut, M aze < oo

The norm in G reminds us of the artificial norm used by Kato [Kal] in analyzing
NS on the limit space L™:

(5.34) lulle = jug{t"” lu®lLe}, a>n,a=1-n/q.
>

Now, let u; be the Picard iterates and set G; = |lujllg, Fj = |vjllg, with
v; = uj — uj—1, as before.

Lemmas similar to LemmaB9land LemmaB. IO hold in this case as a consequence
of Lemmas (.6, 5.7 and B.13.

Lemma 5.15 ([KY]). (1) Under the hypotheses of Theorem[513, there exists Co >
0, independent of a, and a time T <1 such that

(535) Go < Cp6 .
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(2) Moreover, there exists Cy > 0 independent of T such that, for all j > 0,
(536) Gj+1 < Go+Ch G? .

The lemma gives a uniform bound on G;, namely G; < w(d), Vj > 0, with

w(8) = 2Co6/(1 + /1 — 4CoC16) the smaller root of Crz% — z + Cpd = 0.
Lemma 5.16. There exists Cy independent of T < 1 such that the inequality
(5.37) Fit1 < Cow(d) F

holds Vj € N.

Now, choose ¢ so small that w(d) < 1/2C5. Then, F; < F;/2 so that Zj F; < oo
that is, the sequence {u;} converges in G to a solution of (5.30), with [lullg <
w(d) = K, and Part () is proved. The rest of the theorem follows as Theorem [5.4]
Uniqueness is established via a simple modification of Proposition [5.11].

Finally, we have global-in-time existence if a sufficiently small initial data a €

Np éff;,l is selected parallel to the analysis of (5.5).

5.4. Extensions. As we discussed earlier, it is rather natural to expect (local)
existence to hold in the subcritical range of indices for arbitrary initial data.
Recall that

638)  Npae={7e8 | sup (1 g <)}
0<t<1

(538b) NSy = {f € 8" [sup{t=*/? [ "4 flL ey < oo}} ,

as long as s < 0. In particular, if a € N, ., automatically ug = e'®a € A. Then,

a simple modification of previous arguments gives the expected result.

Proposition 5.17. Let f satisfy (BE8) and v,p, q, s be numbers such that

Y<q<p,

-2/y<s<0,

s>n/p—2/(y—1).

Then, for all a € N, , ., there exists T >0 and a unique mild solution u to BEH)
on [0,T) x R? that enjoys all the properties of Theorem [5.4}

(5.39)

Proof. We prove existence and uniqueness only. Let A, A; ,B; be as in the proof
of Theorem[5:4l Show first that the sequence {4;} is bounded for sufficiently small
T. By (5384), if T <1, Ag < |uol[ns, .- As in the proof of Lemma [59 ([KY], pp.
993-994), we obtain the following estimate:

(5.40) g1 (t) = wo(t)|[ary < O t°/24°(A] + T~1/2),

with e =14 (v — 1)(s/2 — n/2p). Note that € > 0, because s > n/p—2/(y — 1).
Now, choose T so small that

(5.41) CLT (Ao +T~/%) <1/27
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and proceed by induction. Assume that C; T¢ A;-Y_l <1/2Vj <k. Then Aj1; <
1/2A; + v with v = T%7/2 gmall. In fact, e — s7/2 > 0, as 2p > (y — 1)n.
Consequently,

1
(5.42) Ajy1 < =

= 2j+1AO+V Z 271‘S2(A0+V).

0<i<j

In particular, by means of estimate (&41]), for j = k,

1 1
CiT¢ Az;i <CiT¢ 27_1(140 + l/)’y_1 < 2—A/2’Y_1 = 5 ,
which proves the induction step and gives finally
(543) A < 2(A0 + I/) =K, Vk.

We show next that the series > ; Bj converges. This is enough to prove u; — w in
A. Following the proof of Lemma 10 ([KY], pp. 995-996), we obtain the estimate:

(5.44) | vj41lar < Cat*/2t° By ([2A0 + 2] 4 Ts(l_V)/Q) ,
with € and v as before. Again, choose T} < T so small that

1
(5.45) Oy T ([2A0 +oul TSWWQ) <5

Then, Bj+1 < 1/2Bj7 that is, Zj Bj < 00.
As far as uniqueness is concerned, we cannot directly quote Proposition [5.11]
because K may not be small for T small. But here (520) is replaced by

H(T') < Cy(T')" (KH + T8<H>/2) H(T).
Hence H(T') = 0 for T sufficiently small. g

Remark 5.18. The constants C7 and C5, and thus the length of the existence time
T, depend only on the size of the initial data. Therefore, the solution persists for
as long as [|u(t)||nv; _ stays finite.

A similar derivation, using instead Lemmas B.19 and [B.16] yields the following
conclusion for the Navier-Stokes equation.

Proposition 5.19. Let p,q, s be numbers such that

l<q<p,
(5.46) p>n,
n/p—1<s<0.

Then, for alla € N, , ., there exists T >0 and a unique mild solution u to (5.27)

on [0,T) x R? that enjoys all the properties of Theorem[5.12

Note that the condition s < 0 is used in deriving (&40), which requires s(1—+) >
0, and here v > 1.

To improve this local existence result we turn to the theory of adapted spaces
[Can], which we briefly recall. These are functional Banach spaces E (with transla-
tion-invariant norm) such that

(5.47) [0; (D) 9lle <nillflelglz,  VieZ,
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where

(5.48) ZQ*U\ nj < o0.
J

The two conditions above are sufficient (but clearly not necessary) to give a local
Lipschitz condition on the map 1, so that local-in-time existence follows. Intu-
itively, it is enough to bound the non-linear part of 9. When frequencies are re-
stricted to the shell D;, the operator e!® P has symbol comparable to 27 exp(—t 49).
So, if t > 49, the negative exponential will control the growth of o(P) and the qua-
dratic part. If ¢ < 47, the smoothing effect of the heat semigroup is small, but
| P¢;(D)(u ® u)||p then contributes at most 47 < ¢t~! (because of (5.48)), which
gives integrability at ¢ = 0.

It can be shown that LP and Morrey spaces are adapted for p € (n,o00) (cf.
Proposition [5:3)). Moreover, any functional Banach space that is also an algebra
is adapted, because then (547) holds with n; constant for all j. Therefore, we
immediately obtain that BM spaces are adapted for s > n/p, and for s > n/p if
also r = 1. Para-differential calculus will give further estimates.

In fact, if n/2p < s < n/p, from (3.68h)
15 (D) (W)l < O™ w0 2o

< CPOP Il vl

p,q," p,q,T

(5.49)

since ¥;(D) is O(27¢) in OPS; . Therefore,

(5.50) 0y ~ 2/p=2)

and (B4]) holds, because p > n. If s = n/p, we must use ([B:69) instead to conclude
(5.51) n; <29, Ve >0,

which is still sufficient for (5.48).

We cannot expect to reach s = 0 this way, at least for small values of ¢, because
when ¢ < 2, fg may not even be locally integrable. We assume, therefore, ¢ > 2
and we look more carefully at the paraproduct decomposition. As shown in [Canl],

¥;(D)(fg) = (D) f ¢j—2(D)g + ¥;(D)g dj—2(D)f

(5.52) +45(D) | D vn(D)fyu(D)g |

k>j

where ¢; = qu ¥y. Furthermore, since ¢;¢, = 0 for |j — k| > 1, it is enough to
bound the Morrey norm of each of the terms in (5.52]).
We start by recalling that, if f € Ll , then

loc?
(5.53) feMPot?f|<Ct/?,

for 0 < t < 1. Since ¢;(£) and the symbol of e!2 have a similar behavior if t = 477,
it follows that

(5.54) 165 (D) fll L < C 27| ¢;(D) f |l arr-
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Hélder’s inequality then gives the same estimate for MP, and Lemma B.I0 allows
us to conclude that

165 (D)5 (D)gllney < N5 (D)f Nl 195(D)gllaez
< 2P fllwy , llgllv;

Pyq,T pyq,r’

(5.55)

if also s > 0.
As for the third term in (5.52)), for notational convenience we set (D) f = f,
Yi(D)g = gr. We observe first that

(5.56) I egrellppore < N fkllarg Ngrllaer, < I fxllarg llgnllarg,
1 q

where ¢’ is the conjugate exponent of ¢ and q > ¢/, since ¢ > 2.

While it is not true, in general, that p(D) : Mf/Q — MP,ifp € S;g/p [Tay3],
(D) does map Mf/2 into MP. However, proceeding this way yields an estimate
for n; that is not sharp (cf. (554))). Instead an elementary calculation shows that

1/q 1
1llazg < RIS IRIL,,.
1

Here, h = 9;(D)(frgx). Hence we use (5.54) again for the first piece with p/q in
place of p:

(6557 ey (D)rgn)llag < C @) (D) (Frgn) 04"

We then need an estimate of the norm in M7 /% in terms of M7 /% for functions of
the form ¢;(D)u. Because 1; is supported on |{| ~ 27, we can restrict ¢ in (5.53)
to 0 <t <477, so that

b (D)yu € MP/? = " (D)u| < C ¢m9/2p 297(a/p=2/p),
as q/p —2/p > 0, which is equivalent to
(5.58) 13 (DYl yypra < C 272Dy (DY o2

Combining (&56), (B57), and (B58), gives
143 (D)(frg)l|age < C 2773 D/p 23 (2/p=a/p) [RRE PYOF
< C2P | il agz lgnll are-

Finally, if s > 0, similarly to (&.53),

(5.59) ([ (D)(Y_ fugilllagg < O (D 272%) 2977 272 ||,

P,q,T
k>j k>0

9||N;,q,,,.-
Therefore, as before,
nj ~ 9i(n/p—s)

We gather these results in the following corollary.

Corollary 5.20. The BM space N , . is adapted to the Navier-Stokes equation for

(1) s>n/2p, ifp>n, 1 <qg<2,r €[l o0,
(2) s>0,ifp>n,2<qg<p<oo,rell,o0.
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In view of the Sobolev-type embedding of Theorem [2.4] the solution given by
the previous corollary will behave like a classical solution for large s, very much in
the spirit of Sobolev spaces.

Let us summarize our extensions so far. For the inhomogeneous BM space

N, 400, We have local-in-time existence and uniqueness if

n/p—1<s<0,ors>n/2p,

for arbitrary initial data. If s = n/p — 1, existence and uniqueness hold for data
satisfying (5.29).

If s =n/p—1, existence is global in time in the homogeneous BM space ./\/Zféff;l
for sufficiently small initial data.

We conclude this section by comparing the previous results with those of Karch.
In [Ki], he considered an IVP with data in BE® for a similar class of parabolic
equations; namely,

(5.60)

{ut = Au+ B(u,u),
u(0) =a.

Here, B is a bilinear form with scaling order b < 2.

Definition 5.21. B is said to have scaling order equal to b € R if
B(ux,vy) = A (B(u,v))x,

where uy(z) = u(Az).

Note that the IVP (5.3) is of the form (5.60) (with b = 0) only if f is homogeneous
of degree 2 (so, v = 2), while NS becomes (5.60) for b = 1. Recall, once again,
that BE] can be identified with N if E, = M? and a = —s, s < 0. Then the
existence criteria established in Section (.2 (Theorem 1 in [KY]) and in Section
(Theorem 3 in [KY]) become exactly the content of Proposition 5.1 and Theorem
5.1 in [K1].

At the same time, other results in [Ki] can now be applied to the BM spaces,
for example persistence and regularity of solutions. We just mention the following

asymptotic condition.

Theorem 5.22 ([Kx]). Let uq and ug be two (global) mild solutions to the Navier-

Stokes equation (2T) with sufficiently small initial data a1, as € Nﬁéﬁ;l respec-
tively. If

(561) tl}gloo tl/?*ﬂ/‘lp ||etA(a1 _ a2)||_/\/[{1’ -0 ,
then
(5.62) i /279 (1) (1) agg = 0.

Condition (5.61)) is satisfied, for example, if a; € N,ﬁféf’;l m/\/,ﬁféf’;l*, e >0,
j = 1,2, given again the identification (5:38).

5.5. Analysis on compact manifolds. Let us consider again the Navier-Stokes
and semi-linear heat equations now with u(¢,x) a function on [0,400) x M, and
a € N, o0o(M). As usual, M stands for a smooth, compact, Riemannian manifold
without boundary.
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The analysis here is complicated by curvature terms and the non-local nature
of the equation we consider. On the other hand, we do not have to deal with the
behavior at infinity. Therefore, we will extend only the local existence results.

We start by considering again semi-linear heat equations. Since we cannot exploit
finite propagation speed and work in local coordinates, even for small ¢, we will need
to use the intrinsic characterization of BM spaces obtained in Section [£.2]

The idea is to “mimic” the proof of Theorem [5.4]on Euclidean space by replacing
¥;(D) with ¥;(v/—A), A the Laplace operator on M.

Theorem 5.23. Suppose that [ satisfies (8) and assume p,q, s are numbers such
that

Y=Sq=Pp,

—2/7<s<0,

s=n/p—2/(y—1).

Then, there exist positive constants §, K, such that, for every a € Ng’q’oo(M)
satisfying

(5.64) lim sup 27° ||1/)j(\/—A)aHM5(M) <4,

j—o0

(5.63)

there are T > 0 and a unique mild solution u(t,z) to (B5) on [0,T) x M such that

(5.65) sup ¢~ [|u(t, )| apary < K -
0<t<T

It is clearly enough to prove appropriate variants of Lemmas through G101
Estimate (59al) follows here from the asymptotic expansion for the heat parametrix
(Vol. 2 of [Tay1]) (cf. (#25) and the pseudo-differential calculus of Section[3)). As a
matter of fact, for £ > 0, t*/2g(e!®) is uniformly bounded in S;g, so that for £ > s,
1<g<p<oo,rell,o,
(5.66) e P ullne < CtE=O2 lullny

p,q,T

if 0 <t < 1. Estimate (5I0R) is then a consequence of (B.66) and the interpolation
result

(5.67) (NS (M),N22, (M))g, = N5, (M),  (1—0)s,+0ss=s,

p,q;T1 p,q,7T2 p,q,r

which, in turn, is easily obtained from (Z53)) exactly as in the Euclidean case (cf.
[KY], pp. 986-987).
Next, we prove a version of Lemma [5.7

Lemma 5.24. Let 1 < ¢ < p < o0 and s < £. There exists a positive A =
A(p,q,s,£) such that, for all u € N} and B satisfying

4,00

(5.68) A limsup 2% [[¢p;(V=A)ul pp < B,

j—o0
there is a T > 0 such that

(5.69) S =)/ e ullye < B.
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Proof. The proof is similar to that of Lemma[5.7, but agai we have to treat an
infinite asymptotic expansion for the symbol of ¢;(v/—A).

By the analogue of (5.10H) obtained above, there exists C such that
(5.70) le®ullye < Cot®=D7 ully; |

p,q,0

with Cj independent of T', 0 < T' < 1. Also, from (R.6S),
(5.71) 2 ||y (V=D)ulyp <=BJ/A,  Vji>m,

for some fixed m € N.
Let @, (vV—A)u = (27" —A)u = u; and set ug = u — uy. As discussed in
Section {.2], there is an asymptotic expansion for the symbol of ®@,,(v/—A):

(5.72) (@ (V=R)) ~ S 47Fm B 27l ) pr(, 27E)

k>0

with py a polynomial of degree k and [¢], = (3, ; g% (x)&:€;)Y/?. Next, note that

Po(27"[€l2) 5 (1€ ]2)

(5.73a) ¥;(I€]z) j<m-—N,
= S~ SN ()i () m =N <j<m+N,
0 j>m+N,
and

(1 =20 (27"[¢l2))¢5 (€])

(5.73b) 0 en j<m=N,
=9~ 2icmn Yiléla)¥i([€le) m—N<j<m+N,
¥;([€]z) j<m+N,

where N is independent of j and x, with similar estimates for w(()%) (27™¢|y). In
particular, we can write

¥ (V=2)®,(V=-A) =R, ifj>m—N,
i (V=A)(Id = @, (V-A) = R®, ifj<m+N,
with the symbol of R7° and ]:2;” rapidly decreasing in both £ and j. Consequently,
lurlln;, .. < Ch ‘<SUEN{2jS 195 (V=8) @m(V=A)ullarp }
jsm

(5.74)

(5.75) ,
uzllng , . < Co ‘>supN{2]5 [4;(V=2) (Id = 5 (V=A))ullarz }
j>m—
for some positive constants C;, j = 1,2. Moreover, because of (5.73a) and (5.73h),
these constants depend only on ||¢;]| 1.
It follows from (B71]) that

(5.76) l[us||ng Sl(}wqﬁ?ﬂWAv—Ath}SKa7

P,q,0
J=zm—

15¢f. Section
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with K depending only on {¢;}. Choose A = Cy K. Then, for 0 <t <1,

— A
t( 5)/2 ||et u2||N,€,q,1 < CO ||u2||N;,q,OO

(5.77) < CoKa
Ao+ B
< T .
As for ui, u1 € Ny, ., for every s, because ®,,(v/—A) is a smoothing operator.
Consequently,

2 B ye < CoTU un| yevey2

(5.78) B—«¢

< 5
with 0 < € < B for T sufficiently small. If € is chosen equal to Aa, (B71) and (578)
combined give the desired estimate. O

The analogues of Lemma [5.9 and Lemma [E.T0 are now established exactly as in
the Euclidean case. Moreover, using once more Definition and Proposition 2.26]
we have for s < 0,

(5.79) uwe N?

oa.co(M) & sup /2 ||etAu||M5(M) < 00.

0<t<1
Therefore, one obtains again local existence for arbitrary data in the subcritical
range.

Proposition 5.25. Let [ satisfy (5-6) with v > 1, and let v, p, q, s be numbers such
that

Y=q=p,

—2/7<s<0,

s>n/p—2/(y—1).

Then, for all a € sz,q,oo(M)’ there exists T > 0 and a unique mild solution u to
(BH) on [0,T) x M.

We now turn to the Navier-Stokes system. As we data mentioned at the be-
ginning of Section [, curvature adds an extra term to the momentum equation in
(E28). The “correct” version of the Navier-Stokes equations on a curved manifold
is the following system [EM]:

Owu(t, ) = Au(t,z) + 2PRicu(t, z) — Pdiv(u @ u)(t, z),
(5.81) divu(t,z) =0,
u(0,z) = a(z),

(5.80)

where A is the Laplace-Beltrami operator and Ric’* = Rij % is the Ricci tensor on
M, i.e., the contraction of the curvature tensor R**!.

Without going into detail (see [Tay3] and the discussion there), we just say that
the Laplacian enters the momentum equation by applying the divergence theorem
to the stress or deformation tensor S, which represents the forces exerted on some
volume of fluid across a unit surface element. So, one should actually have div .S
in place of the Laplacian in the equation. But on R™ divSu = Aw, while on a
manifold div.Su = Awu + 2Ric u, if divu = 0.
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Here, we “mimic” the proof of Theorem [5.121 The term P Ricwu does not sub-
stantially modify the proof, because it is an operator of order 0.

Proposition 5.26. Let 1 < ¢ < p < oo and p > n. Then, there exist §, K > 0
such that for every a € Nﬁé{gl(M) satisfying

(5.82) limsup; oo 207 1)y (V=B)allapan <9
diva(z) =0,
there are T > 0 and a mild solution u(t,z) of (BRI on [0,T) x R™ such that
(5.83) sup /274 |t Magzeary < K-
0<t<T 29

Given all previous results, it is enough to obtain an analogue of Lemma [5.T3]

Lemma 5.27. Let 1 < ¢<p<oo. Ifu € Mgé’(M), then P(div(u ® u) — 2 Ricu) €
1 .

Ny g.00 With

G81)  [Plivi )~ 2Ricu)ly <O [l + fullyz]

The lemma is an immediate consequence of the results in SectionBl Since P Ric €
OPXYY, PRic: N, (M) — N2, (M), Vs, and

p,q,r p,q,T

[B(div(u® u) = 2Ricw)lly,s < C [l ullary + llull arg]
(5.85) )
< C [l + lullygz |

because of the inclusions

(5.86) M3¥ C MP C N

P:q,00
Finally, we mention that the theory of adapted spaces can also be developed for
compact (boundaryless) manifolds. It is again sufficient to replace (@4T) by the
following condition:

(5.87) 105 (V=2)f glle < n;llfllellgl e,

where n; still satisfies (5.28).

To prove that the map 9t is a contraction for short-time, we utilize the asymptotic
expansion for the heat parametrix in local coordinates (see [Tayl], Vol. 2), and
arguments similar to those leading to Lemma [5.24
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